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1 Why wave packets ?

Principles of the qguantum mechanics
1. Superposition principle
Complex waves V¥
2. commutation relation

variables: pqg # gqp, but (pq)r=p(qr)

3. Schroedinger equation (Tomonaga-Schwinger)
i[0/0 o] Y=HVY

4, Probability principle



Probability principle

Pla ->B;T) =] (W_B ()| W_a (0) ["2

(W ilW.i) =1 i=a,B Normalized states

> (B Pla->pB) =1 Absolute values
0= Pla->B) =1

State vectors follow the Schroedinger equation, and make
transitions according to the above probability. Because the
probability is non-linear in the wave functions, physical
processes reveal non-trivial and rich behaviors that are not
expected in classical wave mechanics.



Physical processes

(1)Short distance physics ( short range correlation.)

Typical sizes -------- atoms, nucleus, quarks,----
1/ 10710 [m], 1/10715 [m],
Standard (plane waves) methods with e?{- € |t|} H {int}.

(2) Long distance physics( long range correlation.)

Typical sizes------ solids, liquid, gas,

atmosphere, sun,-----
1/10A5[m]; 1[m]1 1OA5[m], """

New (wave-packet ) methods with H_{int}.
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Transition of normalized states

e Scattering of wave packets (normalized states)

t
Wave packet

(P4,X4;¥sigma) Wave packet(P3,X3;¥sigma)

Wave packet Wave packet ( P2,X2; ¥sigma)
(P1,X1, ;¥sigma)
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2 JRE (Gaussian wave packets)

Apply Gaussian wave packets, with which explicit

calculations are doable and provide universal
properties. (= point particle in classical mechanics)

Wave packets are normalized and form complete set.

1
fdP dX—IP,X,T,><P.X,T  |1=1
2%

K.l and T. Shimomura, PTP (2005)



Gaussian wave packets

/dx|¢wave packet(x)|2 =1

Ywave packet(t,x;TO,XO) - /de(k)ei(k(x—Xo)—E(k)(t—TO))

_ (k—ko)?

N(k) = Ne 20 ;Gaussian wave packet

xz—Xg—vg(t— 2.
NNe_( =0 2?:“ HOD= i (ko (w—Xo)— E(ko) (t—To))

Y

T 2
1. D(w,T) = G(w,T,Ty) = / =2 =T0)" | Q(w, T, Tp)|? is well-defined
0

2.|<P 2X 2T 2:0 2P 1,X 1T 1; 0_1>]
= (2¥sqrt( 0 1o 2)/(o _1+0 2)"3

EER=1 No 1= 0 2TC=EIH,
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K.l and K.Oda, PTEP (2018)
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Evolution of wave packets

Solve Schroedinger equation in interaction picture,

0
W(t)s =€ w t|\1’< )i, Hint(t) = ™ 7in Hjpren

=0y [ G Ha®) 4o [ / O () Hot () + - ][ (0)),

Transition amplitude

Construct the initial and final states with wave packets, and compute the
amplitude with Dyson formula.

Kl and Y. Tobita, (2013,2014), KI, T.Tajima, and Y.Tobita (2015).

Kl and K. Oda(2018), KI,K.Nishiwaki,K.0Oda(’20,'23) ,Kl,Jinnouci,Nishiwaki,Oda(23)



[2-2] RERDIKNE 7

s wntersection time

1 ) ) T = Tout - Tzn
S(T) = k(] [(roa) ™3/t ——=e= = ) =5 0P =R (976,)3/2 2700, G(T)
S 2F
G(T) B Tout dt _at - 20 (t— T— Zat5w) -G ( )—l—G (j’—,)
== - \/Fo't bulk boundary
— %t (§w)? — 9t (5w)2 ~
e 2 O G = e 2 O (T Tous, T)  ——(A)
_(T-Typ)?
Tt (§w)2 204 € 2ot L
e 2 (9w) Gboundary — . = (B)
T 00w+ T — T,
Sw=AE — 7y AP =02 . g—z vozveloczty of center

Wave packet probability ( R(x): positions)

1 - _
P(T) = ([ [(roa) =2 e CP 80 20, ) 20, | G(T)
A

|G(T)|2 _ —Ut(5w) Q(Tzna Tout; T) - op

1st class quantiy 2nd class quantiy
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3 EEDKEZ(One particle states)

(1) Bound states (discrete spectrum)

H| ¢ (E1)>=E 1| ¢ (E 1)>
< ¢ (E 1) ¢ (E_2)>= 0 (E1,E2)

(2) Stationary states of continuum spectrum
H| ¢(E1)>=E 1| ¢(E 1)>
< ¢ (E_1)| ¢ (E_2)>= 0 (E1-E2)+ €; non-orthogonal
(Landau-Lifshitz, ishikawa-Nishio)
[< ¢CELN)|(H] ¢ (E2)>)] # (< ¢(E_)[H)| ¢ (E_2)>]
(AB)C # A(BC) “ Breaking of associativity” ,Kl (2024), Kl and Y. Nishio(2025),



Orthogonality of stationary continuum
states

(1) Orthogonal:

free system, uniform force (Airy functions),

uniform magnetic filed (Landau levels),
Periodic potential (Bloch’s theorem)
Coulomb potential

(2) non-orthogonal:

short range potentials



Wave packets associated with continuum states

(1) Superposition of free waves and various exceptional potentials.
OK! Use interaction picture with H_{int}.

(2) Superposition of stationary states in short range potentials.
This oscillates with time, and does not represent
isolate state. Despite these satisfy the Schroedinger
equation rigorously and may look better than (1)
mathematically, these do not represent isolate states.
Accordingly, (2) is not good from physical reasons.

Note: Kato’s proof for the existence of S-matrix was made with (1).



Wave packet sizes ( 0)

1. Bound states

Size of bound state wave function

2. Continuum states

guantum state loses coherence by interacting with other
particles in the enviorements, and has finite coherence length.
The coherence length represents the spatial size of the

guantum wave function.

V 0 =1 mrp



4 a Initial states of scattering

Beam:

Particle in matter is extracted by electric field.
While that is inside of matter, that interacts with
many particles. The mean free path (L_mfp)

represents average length of one quantum state,
i.e., the length of wave function.

The size of wave packet is determined by the mean free
path.



I_mfp

*Proton by Rutherford scattering
o(R)=4 m(e”2/ 4 mE) 2 ¥log A, E= 7% M v*2

L=1/ p o(R)

= 01[m]  ----- E=10 MeV
2.5 x10"-6 [m] ---- 50 keV
10"-9 [m] -—- 1 keV

*Proton in beam bunch of LHC (proton Coulomb gas)
L=a_0 ¥times m_e/m_p =:3 x10"-14 [m]

*Neutrino from a pion decay of life time: 10"-8 sec=3x10[m]

*Electron in matter by interaction with imputiries: 10"-7[m]



4 b Final states of scattering

(1) Coherence length(mean free path)
(2) Detection processes are taken into account

. Atom in detector
Neutrino

Wave packet (o)
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P(a-> 5 _0)=1

P(a-> B _i)=0; for i #0

Overlap with 8 _0is 1 and overlap with 5 _
01

the classical trajectory.

The ?lﬁéﬁ'cﬁhtﬁjed%yu'élreeﬁ"é?d with

o (photon)= o (atom_d)



4c Wave packets in natural processes

* Transitions are governed by the probability,
irrespective of measurements.
Matter density in the environment is changed
-> wave packet size is changed
-> transition probability is changed
Example: before the decoupling (T=3000K),

L e=5.7x107-3 [m]



Application 1

e T ->neutrino +lepton;
neutrino is detected by nucleus
o (neutrino)= nucleus size
Figure:



Nu_e in pion decay, pi 2 e+¥nu_e
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Application 2

Rayleigh scattering of visible light by molecule

Solar light XPzZRME CTHRK
FEHR - 100 kM




(3-1) Rayleigh scattering

light +molecule —> light +molecule
(k_1,X_1) +M(0, X_M) --—> (k_2,X_2) ++M(0,X_M)

10, X MT 2)
IK 2,X 2T 2)
o (light
)

|0, X_M,T_1)

|K_1,X_1,T_ 1) -

o (light)

kek_2025

State

Momentum (P) and
position (X)

23



0.55

Consistent with “blue sky from air plane ”

Optical depth
¥tau(h) h:altitude [km]
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0 10 kM altitude
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Optical depth (standard formula)

0.14

Inconsistent with “blue sky from airplane “

0.04

0 10 kM altitude
kek 2025 25



Ravleigh scattering spectrum (takesada)
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Application 3

* Positron annihilations
On-going experiments. (Jinnouchi)

*K.Ishikawa ,0.Jinnouchi,et al, “ On

experimental confirmation of the corrections

to Fermi’s golden

rule” ,Prog.Theor.Exp.Phys.033B02,(2019)

doi: 10.1093/ptep/ptz006

*R.Ushioda, et., al,” Search for the correction

term to the Fermi’s golden

rule in positron annihilation”, Prog.Theor.

Exp.Phys.043C01
doi:10.1093/ptep/ptaa018(2020)
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Tin: and R are
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