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Universal constraint on relaxation times

in Open Quantum Systems
-- Physics of complete positivity and e
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*D. Chruscinski, R. Fujii,G. K., H. Ohno, Linear Algebra Appl. 630, 293-305 (2021). '
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Outline
Gorini, Kossakowski, Sudareshan (1976)

1) Brief introduction to Quantum Dynamical Semigroup
Lindblad (1976)

-- CPTP map as a time evolution map
-- Why need CP condition ??
-- Quantum (CP) Dynamical Semigroup and GKLS master equation

2) Goal: To find a test to check the validity of CP condition !!
d*—1

3) Universal constraints of relaxation rates for CP dynamical semigroup c¢(d)T', < Z I's

=1
4) Universal constraints of relaxation rates for n-positive dynamical semigroup

5) Conclusions and Discussion




Review of Open Quantum Mechanics necessary for this talk

* Quantum State: a density operator p on Hilbert space*: Yy € H, (Y|py) = 0}

trp=1,p2>0

* In this talk, we restrict to a d-level quantum system (d < oo)




Review of Open Quantum Mechanics necessary for this talk

* Quantum State: a density operator p on Hilbert space*: Yy € H, (Y|py) = 01

trp=1,p2>0

* In this talk, we restrict to a d-level quantum system (d < oo)

*Ti

Isolatea System < Unitary Evolution ~ p — ®(p) = UpUT

b%sed on von Neumann-Schrodinger equation: % p= —%[H , P

Open System < Completely Positive Map p (I)(,O) = ZZ Vi ,OV;;Jr

* Composite System is described by a Tensor Product Hilbert Space
Htot — Hsys 04 %env




CPTP map as a Time evolution map

U e p e ©(p)

(i) preserve Probabilistic Mixture

®(pp+ (1 —p)o) = pP(p) + (1 - p)®(0)

oO

Hence, Time evolution map
is a Positive TP map

Operationally, @ should

(ii) map a density operator to a density operator

(ii)-1 @ is trace preserving (TP) map
tI',O — 17:0 2 0= tI‘(I)(,O) — 17 (I)(,O) Z 0 tI‘p = tI'(I)(p)
(ii)-2 @ is positive (preserving) map

p=0=0(p) =0

Stronger Condition of Complete Positivity condition




CPTP map as a Time evolution map

gl

[Def] @ is n-positive (n =1,2,3,...,) if

® ® Id,, is positive on H ® C" ®

[Def] ® is completely positive if @ is n-positive for all n =1,2,3,...

[Remarks] (i) 1-positive < positive
(ii) d-positive & CP
(iii) for all k =1,...,d- 1, there are k-positive but not (k+1)-positive

b

/ 1-positive = positive \

2-positive

~

-

3-positive

-

.

d-positive = CP

~

~

)

>

)/

[Thm] (Choi-Kraus Representation) @ is completely positive iff ®(X) = Z Vi X Vk]L
k
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..WhYWe need C~Ofﬁplete positivity condition?

GKS (1976)

sociated to § and to R, respectively, Assume that S +R
has been initially prepared in a product state p®0,
pe/(Hs), o€ T(Hr), in which S and R are uncorrelated.
The Heisenberg reduced dynamics of S, &:¢— &,: (/)
—=B(Hs), te R*, is defin

A)l, (1.3)

). It is easy to see
roof can be found

@
2 .°° B(pg) = TralUpg ® prU!
b o© I A >

JIOP HIC UINC paldliiCiCl, YO 1ullCl dosullll Wdl 8y 15 d UIUSCU 5Y5LCiiL, LG Lie j
dynamics is given by a Hamiltonian H,. We put H,=0 for the moment. Then

we ask: can the map &, be extended to a positive map @ : B(:#)— B(#’) where
H =H,RH,, such that S, is unaffected? This is obviously so when the dynamics
of §, is Hamiltonian. Then the dynamics of S, + S, is given by the Hamiltonian
H=H,®I,. ® is defined by

HXRY)= (X)RY 2.1
Lindblad (1976)




- But according to discipline of natural science,

we must rely on experiments in order to determine something is right or wrong !!

Bell Theorem

Reality Bell’s Inequality

- ll ' (AC) + (AD) + (BC) — (BD) < 2

Goal

QIQBUIH
Dynamical |ﬂ”
Semigroup
Markovianity

Experimentally
testable condition.




Q Quantum Process Tomography = Check CP condition

0 0 %? “Complete Positivity Witness™

Re qundant!

s Quantum State Tomography = Check Entanglement Criterion

Entanglement Witness




Quantum dynamical semigroup ... General Markovian CP quantum dynamics

We should call
GKLS (or GKSL)
master equation !

1) Completely Positive Trace Preserving Map  p > pr = A¢p
2) One parameter (time) Dynamical Semigroup A¢ys = AgAs (V

~

L Markov property J

Hille-Yoshida (1948)
: d °
LMaster equation 1—/‘,/ d‘[L') — L Je, ot Ay = exp(tL) S 0 ®

[Thm] (GKLS 1976) Generator of quantum dynamical semigroup is always written

*k Hamiltonian Part

H(p) = —ilH,p]  where H=HI

(effective) Hamiltonian

*k Dissipative Part: Ly: Jump/Noise Operator }




3 GENERAL .
Physics of Markovian Master equation

We focus on Relaxation Times !

4 T': Relaxation Constant

T :=1/T": Relaxation Time

Time Evolution of

any physical quantities = “super position” of

Trace Preserving

P t
Solution is det roperty




'GENERAL

Constraints from CP condition

For 2 level (qubit) system
3
[Example]  Lp =) y(owpor — p)
k=1
i =%+, I'e=7+m7, I's =71+,

1
p=5I+b(t) o) where b(t) = (e b, e by, e *'hs) (i =1,2,3)

A¢ = exp(Lt) Positive Trace Preservinge I'y, > 0 (k = 1,2, 3)

=




GENERAL

Constraints from CP condition

For 2 level (qubit) system

3
[Example]  Lp =" yi(okpor — p)
k=1
't =7+, I's =93+, I's =71 + 2,
1
p=(I+b(t)-o) where b(t) = (™ by, e by, e oMhg) (i =1,2,3)

A: = exp(Lt) Completely Positive Trace Preserving < ~y > 0

o 1 <ITo+41'3, I <I's+T1'y, I's <TI'y + 1,

Non-trivial constraints !!



'GENERAL

Constraints from CP condition

For 2 level (qubit) system

[Theorem] (GKS 1976) (Kimura 2002) For Arbitrary 2-level GKLS,

If®=0, 't +T>T3, I'n +1's > T, I's +1'1 > 1’9
A

Pauli Master Equation J

in terms of the y;’s, (3.4) (a) can be written

YitY2Z Vs YatV3ZEV Y3tVY1Z7Vo (3.5)

showing that no two relaxation times can be much long-
ar than the third.




'GENERAL

Constraints from CP condition

For 2 level (qubit) system

[Theorem] (GKS 1976) (Kimura 2002) For Arbitrary 2-level GKLS,

3
Dfal‘fgm?)(’v&‘?___ﬂ'apﬁgk Fl) F3 + Fl Z F2
B=1

Goal

Experimentally

testable condition[ “Witness” of Complete Positivity !! ]

3 =
o, <> Tp
B=1




GENERAL

Constraints from CP condition

For 2 level (qubit) system

.: ’Z’A'.

4

[Theorem] (GKS 1976) (Kimura 2002) For Arbitrary 2-level GKLS,

3
or, < ZFB (Va =1,2,3)
B=1

[Case 1] Eigenvalues: —I'y, —I'r 1w =

[Case 2]

L

g ':‘ 9‘:

Experimentally Famous Relations* }

- 3 s — L'

Ty = 1/T'r Longitudinal Relaxation Time
o /T - = 207 > 17

T = 1/T'p Transverse Relaxation Time

Eigenvalues: —I'1, —I'9, —I'3 & Let us know such experiments!

N T AL P 5




How about general d-level system ?7?




GENERAL

Constraints from CP condition

For general d level (qudit) system

“Quantum Dynamical Semigroups and Applications”
by Alicki and Lendi (1987)

“Constraints on relaxation rates for d-level quantum systems” etc.
by S. Schirmer, A. Solomon (2004)

Not real relaxation rates but just parameters in GKLS generator!
Not universal results, dependent on each model!

[Theorem] (Wolf and Cirac 2008): For d-level GKLS without Hamiltonian Part




GOAL: Find general constraints on Relaxation Times

universally valid for an aster equation !

CP requires that
No single relaxation rate
cannot be too large!!

3
d=2  [Thm*] 2, < ) Ty (Vo

B=1
best constant c(d)
d®>—1
[Thm*] r, < g (Va=1,...,d° —1) d?—1
ﬁ ;:1 c(d)l'y < Z L'
d=3 2 B=1
[Thm*]  dlo < Y Tg (Ya=1,...,d° —1)
B=1
9 d*—1
[Thm*] I'o< Y Tg(Va=1,...,d>—1)
144/2(1-3) f=1

P. Muratore-Ginanneschi, G. K., D. Chru$cinski (2024).
D. Chrusécinski, F. vom Ende, G. K., P. l\ﬁlpgxgtere Gina n nescl i e

2 .ﬂ. R Rk
._...{e' . < ’,

* Kimura (2012)  * Kimura, Ajisaka‘,\"V\‘/\atab‘e (2617). *Chruscmsk| Kimura, Kossakowski, Shishido (2020)




| Conjecture| (ckxs2020) For any d-level GKLS,

*Numerically supported
*If this is true, c(d)=d is the best bound !!
*Satisfied in important classes of quantum dynamical semigroup




A Tight Model | £(p) =2LpL — L?p— pL? ('=1)

[,(|k> <ZD — —(Ek — El)z‘k> <l| (E;: Eigenvalues of L)

d?—1

Y Ig>dl, € 2 (B, E)?>dE - E))’ 0
B=1 k<l
oreover, the equality is attained iff
The best constant would be d Ei+ E
1 d
By=-=E4=
2
To find best constant c(d)
[Lemma| For any z1,xs,...,2, € [a,b),
d>—1 Hrost 22n:((wi—a) (z; — b)? Zn: (2 — ) 2> n(a —b)?,

C(d)Fa S Z FB C(d) <d based on

B=1 where the equality holds iff 2 = -+ =z, = *5~.




Class of Covariant Generator

U, L(X)UL = L(U,XU))

T

where U, = 2221 e~k |k) (k| and & = (21, ...,2q) € RY

[Theorem] For any covariant GKLS generator,

* Pauli Master equation

Including

* Weakly interacting model with non-degenerate invariant state (Davies 1974)




Class of entropy non-decreasing | = 5(p) 20

& Class of unital semigroup A«(I) =1

Benatti (1988), Aniello, Chruscinski (2016)

[Theorem] For any unital generator,

[Proof] Omit. But through proving this,
we have found a nice characterization of relaxation rate.




Characterization of Relaxation Rate

* Invariant state [,(CU) =0 ) Fixed Point Theorem

* Eigen equation  L(u,) = AqUa

[Prop.] For any GKLS generator

where ||X||?u = tr(wXTX)

[Proof] ~ GKLSrep.reads: £f(X1X) - £H(XNX - XTLH(X) =Y [Le, XIT[Le, X]  (Te(XL(Y)) = Tr(LH(X)Y))
k
Taking X =wu, LI (u&ua) + 2I’au:&ua — Z[Lk, ua]T[Lk, Ue,]
k
which implies  tr(wL(ul ug)) + 2T otr(wul uy) Ztr (L, ua] [Lk, ual),




Approach based on r-function

[Definition| (r-function) For complex matrices A, B € M4(C), we define

r(A, B) := % tr(ATAB'B + AA'B'B — ATBABT — BATBTA)

r(A,B) = %tr({A, ANYB'B) — Rtr(ATBABY),
= %(([B,AHBA) + ([B, AT]|BA")), Commutator Anti-commutator
= (A, B + r ATA[B, B) [A,B] .= AB— BA {A,B}:=AB+ BA

= (4", B + wr ATA[BY, B)),

1
= Z(|I[A, BY||* + tr AAT[BT, B
p A I 47155 2D (A,B) :=trA'B || A|| := VtrATA
= S(I[A% Bl + tx 44'[B, B))
= JOIA, Bl + AT, BIJ? + ({4, A}{B', B]).

For normal B, r(A, B) = $||[4, B]||?

For Cartesian decompoSition A= Agr+iAr, 7(A,B) =r(Ag,B)+ir(A;, B)



Lug = AaUa (uq # 0)

[Proof] Lo := —Rely & |[ua|]? = trul u,

1
tr [ulx Aatia = L(ta) = —i[H,ua] + 5 > (@LpuaL] — L Lyue — ua L} Ly) )

k

- Re
1

» T, = STONIE > " tr(ufua L] Ly, + uqul, L L — uf, Lyua L], — Liuf, Ljua)
« k
1

”ua

B Zr(ua,Lk)
k

v



* Complex Eigenvalues appear as conjugate pair %

I', := —Re),

Hermitian Preserving
Property

d?—1 d?—1

Zfa:—Z)\a:—trE
a=1 a=0

* Trace of generator

trL =) (|trLy|* — d||Le?)
k

Without loss of generality
tr L k — 0

trf = —d Y || Ll
k

Frobenius Norm:

IA|| := Vir ATA

Wolf and Cirac (2008)
Kimura Ajisaka Watanabe (2017)

d?—1




s
2
3 SRR S

APProach based on r-function

Lug = AaUa (uq # 0)

2
[Proof] I'a := —ReA, & ||’U,oé||2 = truLua Lo < ||ua||2 Zc(d a1 L ]|

ZHL = s,

tr [ X Aata = L(ug) = —i[H, us] + = Z(2LkuaL — Ll Lyug — uo L Lk)) Universal Constraint !!

- Re
f fort i i f
» r, 2||u P2 > " tr(ufua Ll Li + uoud L} L — uf Lyua L} — Lyl Lius)

= 2o L0
k




Proof.

[Prop] For any matrices A, B, ‘

r(4,B) = S({[B, 411BA) + (L
< 5(||[B,A]||||B||||A|| i ||[B,AT]||||B||||AT|| (using triangle, Schwarz, Sertios it

S, e S T e e G e

and norm inequalities.,) new uncertainty relations
5 5 arXiv:2504.20404
< V2|l A|*||B]|| [ I[4, B]||? < 2||A||2||B||2] oo ety L) arXivi2505.19861
— arXiv:2406.12280
arXiv:2403.04199

~

[Theorem] (KAW) For any d-level GKLS,
3

Universal Constraint !!




Approach based on r-function

[Prop.]  For any complex matrices A, B € M;(C),

1++/2 ) ) [P.rooﬂ Omit: But we have first show
5 ||A|| ||B || ; this where A is normal first, and then
used relation r(A,B) = r(Ag,B)+i r(A,B)

r(A,B) <

where the equality can be achieved by a self-adjoint A.

[Theorem] (CFKO!?) For any d-level GKLS,
S

Universal Constraint !! d2 . 1




Approach based on r-function

**Eigenvector belonging to non-zero eigenvalue is traceless

Trace Preserving
Property

A =0 =tr u, =0

[Prop.] For any complex matrices A, B € M4(C) with trA = 0,
14+4/2(1- 1) -
r(A,B) < 5 1Al B

where the equality can be achieved by a self-adjoint A.

. 4

Universal Constraint !! d2 _ ]_

[Theorem] (CFKO?) For any d-level GKLS,




. : ' 4?1 R
Universal Constraints for GKLS Sen eralo (@I 5
B=1
A
e(d) ' For d=3, c(d) = d

still in between this range !




Approach based on Lyapunov exponents

d
= > pi®) (D) (i t)

For sufficiently past time t = -co

lim p;(t) = e T maxty;(t) + - -

t— —00

1
Lyapunov exponents X ‘= timgo Sup (_ + In ||p(?) H) = I'max




Approach based on Lyapunov exponents

Teich and Mahler (1992) % — Zj Wij (t)pj (t)

d?—1

d
where  Wij(t) = Rij(t) — 655 ) Rij(t) and Rij(t) = Y v |(hi(t) Lntp;(£) )]
k=1 n=1
D(p) = % Z V(2LkpL] — LLLyp — pLLLy)
k

e.g., Adrianova (1995)  T'max = x < sup ||[W(¢)|| < c(d) ZFB
teR




Different Norms gives Different Bounds!!

2
||A||1 o m]aX Z |a73j| (Column-sum Norm) T HW(t) || 1 < E Z FB (Wolf Cirac 2008)

B
| A2 == Z |aij|2 (Frobenius Norm)
1,J
1
HAHOO = maXZ |a7;j| (Row-sum Norm) — HW(t)Hoo < 8 ZF@ (Tight Bound!!)
/ 8

[Theorem] (GKC) For any d-level GKLS, the tight constraint is given by

d®—1
o<y T (Va=1,...,d*—1)
B=1




“esBut according to discipline of natural science,

we must rely on experiments in order to determine something is right or wrong !!

Bell Theorem

- Bell’s Inequality
- ll ' (AC) + (AD) + (BC) — (BD) < 2

Goal Experimentally

testable condition.




Ancilla
Witness ¢

What Happens Beyond CP?

Surprisingly...
the same constraints

Constraints on Relaxation Times foralln =2

for Markovian n-Positive Quantum Dynamics

d*—1
CPTP map as a Time evolution map c(d)Ty < E [
/ 1-positive = positive \ Q B =1
Tnitial 22 K Schwarz \
p |_> @ (p) / 2-positive \ k-pOSitive C(d)
f 3-positive \ .
[Def] @ is n-positive (n =1,2,3,...,) if : L= pOSItlve (‘ 1
system D
® ®1d, is positiveon H®C" gy=cd & & 3/2 = Schwarz (d+1)/2
d-positive = CP
[Def] ® is completely positive if @ is n-positive for all n =1,2,3,... 2 d
[Remarks] (i) 1-positive < positive 3 d
(ii) d-positive & CP
(iii) for all k =1,...,d-1, there are k-positive but not (k+1)-positive
[Def] Unital linear map ¥ is called Schwarz map iff U(XTX) > ¥(X)'W(X) VX € L(H) d-1 d
[Def] A dynamical semigroup {®;},;>0 is called of Schwarz class iff <I)I is a Schwarz map. d=CP

D. Chruscinski, G. K., F. Mukha
B D). Chruécinski, F. vom

o N TR Ty
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But according to discipline of natural science,

we must rely on experiments in order to determine something is right or wrong !!

Ancilla
Witness ¢

O
» Experimentally
CP tesQble condition.
m) oo

If these constraints were violated experimentally,
one could conclude that the observation cannot be explained not only by a CP dynamical semigroup (i.e., a GKLS dynamics)
but also by any n-positive dynamical semigroup withn = 2.




e D RESSEEN

Sketch of Proof.

L :agenerator of n (Z 2)-positive dynamical semigroup

W.L.G. by continuity
argument

@)
. o
w : a faithful invariant state L(w) =0

step1: (L7 (A), B)y, = (A4, £1(B))., L
Kubo-Martin-Schwinger inner product (A, B >w = <A7 w2 Bw:? >

~

1
[Prop] 2= 5 ( of + 2#) is a self-adjoint generator of n-positive dynamical semigroup

[Bendixson--Hirsch inequality]

d2—1 For any matrix A with (complex) eigenvalues {ai,...,aq}
[Corollary] Tt is enough to show dI'y < E I's  for a self-adjoint generator m < Rea < M
B=1 where m and M are minimal and maximal eigenvalues of the Hermitian matrix

. 9 1
In particular, one can assume eigenvalues of L are real. 5(A+4h




Step2: For any ONB {|e1),...,|eq)} in Ce, ICij = Tr(le;)(e:|£(lej){e;]))

[Prop ] K is a classical generator, hence real parts of eigenvalues are non-positive.

[Prop @] A real eigenvalue A\ of L is an eigenvalue of I with some ONB.

** (i) One finds Hermitian eigenmatrix X = ) . Z;i|xi) (z;| for real eigenvalue A
d

(ii) (Kx); Z’Cw% =D (wilLlzjlzs) (s))les) = (@il LX0))es) = M| X|ai) = A,

7j=1

Prop O Tr £ < d Tr K

P& v 1
'y, = -\, < -TrK <—ET1‘£— ZFB




Proofof' TrL < d Tr K

[Thm] (Evans, Hanche-Olsen 1979)

L is a generator of n-positive dynamical semigroup iff it is n-conditional positive:

For any |¢) L |¢) € C¢® C", (Y|L @ Id([¥)(¥])[¥) = 0

For mutually orthogonal vectors

’¢zij> = le;) ® 1) £ |ej) ® |2) € C? ® C?

S (olIL @ 1165 ) (65])]d5) = 2(dTrK — TrL) > 0
1]




Conclusions and Discussion

®
(I) Completed our long-standing problem on the universal constraint on relaxation rates for CP dynamical sesnigroup !

(IT) The constraint is satisfied not only by CP but also n = 2 positive dynamical semigroup, OZCDD/O |

. while Schwarz class gives weaker constraint.
d°—1

C(d)Fa S Z Plg
B=1

7’
7’ 9
- 2 relaxation rates
k-positive c(d) :
— ) d-1 relaxation rates
1 = positive 1 dz—:l
dl', < I'g -’ .
3/2 = Schwarz (d+1)/2 hm1 - s CP relaxation rates
2 d
3 d
Future Problems!!
d-1 d * Find (non-linear) constraints on relaxation rates
that can distinguish the difference between n and CP cases!!
d=CP d * Specify the region of Relaxation rates




Another Application 1: Quantum Channel Spectrum

[Thm] Eigenvalues z, (a =1,... ,d2 — 1) of any TPCP map satisfies

d*>—1
Z Rezg < d* — 1+ ¢(d)(Rezq — 1)
B=1

except for zp =1

[Proof] If A is TPCP,then L(p) = A(p) — p is GKLS generator.

d?—1
Applying c(d)T, < > Ty, we get the inequality.
B=1

* For d=2, we have c(2)=2, and this recovers Fujiwara-Algoet condition (1999)
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R * Chruscll_'lskfi Kimura, Ko
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Another Application 2: Quantum Channel Spectrum

[Fact] Any unitary map is realizable by Schrédinger equation:
Up=UpU'" = 3t & Lp = —i[H, p| s.t. U = etF

[Question] Any CPTP map is realizable by GKLS equation ¢?

NO !  Wolfand Cirac (2008)




Another Application 2: Quantum Channel Spectrum

[Prop.] A necessary condition for a CPTP map A be realizable by GKLS eq. is

det A < |ug|4®

where u, is eigenvalue of A

Proof] Obseve that d2=—1 I's > c(d)I'y, & exp(— di_lI‘ < exp(—c(d)',) &
- B=1 +PB B=1 +8

rd3—1 d?—1 e(d) d?—1
_.—[[3=1 exp(—I'g) < exp(—c(d)Ta) < H,B:l exp(za) < (exp(—Ta)) Ad Hﬂ:l ug <

U |9 & det A < |uq (D




Another Application 2: Quantum Channel Spectrum

For d = 2, any CPTP map A is unitary equivalent to

1 0 0 O
V1 )\1 0 0
Vo 0 >\2 0 for 1 2 )\1 Z )\2 Z |>\3|
V3 0 0 )\3

& A+ <1+ A3

Also sufficient for unital CP map

Fujiwara, Algoet (1999), King, Ruskai (2001)

[Prop.] If a CPTP map A is realized by GKLS eq., then

Ad2ds < |As|?

This generalizes Puchata-Rudnicki-Zyczkowski bound (2019)

> v > 4 . - kY -
* Chruscinski, Kimura, Koss:

8 5 . -‘ -
y
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.‘&Tékéaway Message

1) Complete Positivity forces that
any single relaxation rate cannot be too large !!

Complete Experimentally testable condition. v
Positivity I
d’—1

- c(d)To < Y Tg (Va=1,...,d> - 1)
B=1

This may serve as Completely Positive (at least QDS) witness !

Best bound is conjectured to be c(d)=d, but still open.




Some Observations

L(Ua) = Aala (Uq # 0)

%[\ Trace Preserving J
(1) There is (at least) one zero eigenvalue: Ao =0 Property

(2) Complex Eigenvalues appear as conjugate pair 4 Hermi;ian Preserving ]
roperty

d®—1 d®—1

T, := —Re), Y Ta=—> da=-trL
a=1 a=0

(3) Eigenvector belonging to non-zero eigenvalue is traceless

A #0=tr u, =0

Trace Preserving
Property




Some Observations

(4) Trace of generator

trf = (|trLg|* — d|| Le||?)
k

Frobenius Norm:

Without loss of generality
tr L k — 0

trf = —d Y || L
k

A := Vir ATA
Wolf and Cirac (2008)

Kimura Ajisaka Watanabe (2017)

Tensor rep. by |Ezj>><<Ekl| — B, ® Ej; where F;; = |2 (/]

LiX =AX = L4 =AR]

, 1
L(p) = ~ilH, pl + 5 > (2LpL], — L Lip — pL] L)

k

1

RaX ::XAl—>7§,A:]I®AT

»L=—iI®@H-H"®D) + ) (2Lx®Ly —1®L Ly — LIy ®T)
k e . :’\, 3

P

—
e
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Some Observations

Combining

d?—1 d*—1

> Ta== da=—tL| | trL=—d ) ||Lgl]?
a=1 a=0 L

d?—1
[Prop] Z Fa _ dz HLkHQ
a=1 k




