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Intro: BSM
 Physics Beyond the Standard Model is necessary due to

 discussing issues that the SM cannot mention 
 (e.g., dark matter, dark energy, inflation)

 addressing (experimental) anomalies that the SM cannot explain 
 (e.g., muon g-2, RD)
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Intro: BSM
 Physics Beyond the Standard Model is necessary due to

 discussing issues that the SM cannot mention 
 (e.g., dark matter, dark energy, inflation)

 We can focus on another BSM: Beyond the Standard Method:

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

<latexit sha1_base64="sQDJ/1mOgqtSR/dQ1Wgm9Fi4G3M="></latexit>

 (t,xxx) ⇠ e�iEpppt+ippp·xxx
⇣
= e+ipµx

µ
⌘

note: (metric) = diag(-1,1,1,1); 
taking afterward:

<latexit sha1_base64="v5V60vmmDt8O3zYv6J1fN+4SHcI=">AAACCHicbVBLSgNBFOyJvxh/UZduGoPgKsyIaDZCwI3LCOYDyRDedDpJk56esfuNEIZcwAu41Ru4E7fewgt4DjvJLExiwYOi6j3qUUEshUHX/XZya+sbm1v57cLO7t7+QfHwqGGiRDNeZ5GMdCsAw6VQvI4CJW/FmkMYSN4MRrdTv/nEtRGResBxzP0QBkr0BQO0kt8ZBqDpDWV2vG6x5JbdGegq8TJSIhlq3eJPpxexJOQKmQRj2p4bo5+CRsEknxQ6ieExsBEMeNtSBSE3fjp7ekLPrNKj/UjbUUhn6t+LFEJjxmFgN0PAoVn2puJ/XjvBfsVPhYoT5IrNg/qJpBjRaQO0JzRnKMeWANPC/krZEDQwtD0tpAQaRhwnBVuMt1zDKmlclL2r8uX9ZalaySrKkxNySs6JR65JldyRGqkTRh7JC3klb86z8+58OJ/z1ZyT3RyTBThfv7JwmOo=</latexit>

~ = c = 1

The plane-wave form is widely used for 
representing quantum particles. 

 

(a de facto standard)

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

Wave-packet form 
for quantum particles

“beyond”
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 addressing (experimental) anomalies that the SM cannot explain 
 (e.g., muon g-2, RD)



Intro: how about locality?
 We remember that 
  wave profiles need to be localised.

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

 In conclusion,

• On the other hand, however, the plane wave lacks some nature  
of quantum particles, at least the locality.

• The plane-wave description of quantum particles 
 well describes part of necessary properties of particles.

By use of a localised wave (wave packet), 
we can overcome this difficulty and obtain 
the full information of quantum transitions!

[A. Tonomura, Proceedings of the National Academy of Sciences, USA, 102, 14952 (2005]
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Problem in plane-wave S-matrix

 Plane-wave  
  S-matrix (1→2) def.:

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

(factorised) 
amplitude

manifest energy-momentum 
conservation

[QFT textbooks]

momentum eigenstates
(external free: also mass eigenstates; 
                      Ei2 = pi2 + mi2)

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

interaction(s)

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit>

⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

far past far future

free

state

free

state

free

state

far 
distant

position

taking all possible configurations 
(up to an order)
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Problem in plane-wave S-matrix

 |SPW|2 is ill-defined due to |𝛿4(Pout-Pin)|2 = 𝛿4(Pout-Pin) × 𝛿4(0). 

 ⇒ Only the averaged (per V and T) frequencies of events is calculable. 

(2π)-4[(Volume)(Time) → ∞] 

We will see soon later. (Tin (= Tinitial) = -∞, Tout (= Tfinal) = +∞)

 Plane-wave  
  S-matrix (1→2) def.:

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

(factorised) 
amplitude

Why the problem happens? 

Plane Wave is 

non-normalisable!

manifest energy-momentum 
conservation

[QFT textbooks]

 Corresponding probability is given as |SPW|2.

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp
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 So, what can we do in the plane-wave formalism?

◦

◦

<latexit sha1_base64="HbSjM53jDZ3EsyDqCMc2/s5nR0A="></latexit>

 (t,xxx) =
1p

2EpppV
e�iEpppt+ippp·xxx

 
<latexit sha1_base64="Cf1kuwXYG6jPbO9/bgk8VyHXCoo="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3
⇥ T

<latexit sha1_base64="hUeKchfB5pOnLEkh05u76XTAQYU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUJJS1KXgxmVFa4U0lsn0th06eTBzI5Y0H+Fv+ANu9Q/ciVsXfofTNgtfBwYO59zXnCCRQqPjvFtz8wuLS8ullfLq2vrGpr21fa3jVHFo8ljG6iZgGqSIoIkCJdwkClgYSGgFw7OJ37oDpUUcXeEoAT9k/Uj0BGdopI59OL7stBHuMWu08vFtjbZRhKCpNxOTgZlNdcI45H7HrjhVZwr6l7gFqZACjY792e7GPA0hQi6Z1p7rJOhnTKHgEvJyO9VgRg9ZHzxDI2Y2+9n0UzndN0qX9mJlXoR0qn7vyFio9SgMTGXIcKB/exPxP89LsXfiZyJKUoSIzxb1UkkxppOEaFco4ChHhjCuhLmV8gFTjKPJ8ceWQLEhYF42wbi/Y/hLrmtV96hav6hXTk+KiEpkl+yRA+KSY3JKzkmDNAknD+SJPJMX69F6td6s91npnFX07JAfsD6+APAdp4Y=</latexit>

|SPW|2 ⇥ [phase space]

“literal normalisation”

well defined 
(The volume is cancelled out.)

ill-defined! 
(since T, V→∞)

What is calculable?

<latexit sha1_base64="tivSjBjGLInD1fx6F1bPjw3gkA4=">AAAB/nicdVDLSgNBEJyNrxhfUY9eBoPgadldlyTegl48RswLkiXMTmaTIbMPZnqFEAL+gFf9A2/i1V/xB/wOZ5MIRrSgoajqprvLTwRXYFkfRm5tfWNzK79d2Nnd2z8oHh61VJxKypo0FrHs+EQxwSPWBA6CdRLJSOgL1vbH15nfvmdS8ThqwCRhXkiGEQ84JaCluwZu9Ysly7yslh23jC3Tsiq2Y2fEqbgXLra1kqGElqj3i5+9QUzTkEVABVGqa1sJeFMigVPBZoVeqlhC6JgMWVfTiIRMedP5qTN8ppUBDmKpKwI8V39OTEmo1CT0dWdIYKR+e5n4l9dNIah6Ux4lKbCILhYFqcAQ4+xvPOCSURATTQiVXN+K6YhIQkGns7LFl2TMYFbQwXx/j/8nLce0y6Z765ZqV8uI8ugEnaJzZKMKqqEbVEdNRNEQPaIn9Gw8GC/Gq/G2aM0Zy5ljtALj/Qsys5YV</latexit>

TV

<latexit sha1_base64="fY/6GjtV0KnLWLDbu/cTU3656UA="></latexit>

[(PW) phase space] =
(V )d3ppp1
2E1(2⇡)3

(V )d3ppp2
2E2(2⇡)3

<latexit sha1_base64="eYrQjbU73kOKEo7k7Q1feUO85kc=">AAACFHicbVC7SgNBFJ31GeMramFhMxgECwm7EjRlwMYygnlAdgmzk7s6ZPbBzF1JWPY3/AFb/QM7sbX3B/wOJ4/CJB4YOJxzL+fO8RMpNNr2t7Wyura+sVnYKm7v7O7tlw4OWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe0PbsZ++wmUFnF0j6MEvJA9RCIQnKGReqVjF0UImroXtOsiDDELZDrMvV6pbFfsCegycWakTGZo9Eo/bj/maQgRcsm07jp2gl7GFAouIS+6qYaE8QF7gK6hETOpXjb5QE7PjNKnQazMi5BO1L8bGQu 1HoW+mQwZPupFbyz+53VTDGpeJqIkRYj4NChIJcWYjtugfaGAoxwZwrgS5lbKH5liHE1ncym+YgPAvGiKcRZrWCaty4pzVaneVcv12qyiAjkhp+ScOOSa1MktaZAm4SQnL+SVvFnP1rv1YX1OR1es2c4RmYP19QtafJ7O</latexit>

⇥ [flux]
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 So, what can we do in the plane-wave formalism?

◦

◦

<latexit sha1_base64="HbSjM53jDZ3EsyDqCMc2/s5nR0A="></latexit>

 (t,xxx) =
1p

2EpppV
e�iEpppt+ippp·xxx

 
<latexit sha1_base64="Cf1kuwXYG6jPbO9/bgk8VyHXCoo="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3
⇥ T

<latexit sha1_base64="hUeKchfB5pOnLEkh05u76XTAQYU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUJJS1KXgxmVFa4U0lsn0th06eTBzI5Y0H+Fv+ANu9Q/ciVsXfofTNgtfBwYO59zXnCCRQqPjvFtz8wuLS8ullfLq2vrGpr21fa3jVHFo8ljG6iZgGqSIoIkCJdwkClgYSGgFw7OJ37oDpUUcXeEoAT9k/Uj0BGdopI59OL7stBHuMWu08vFtjbZRhKCpNxOTgZlNdcI45H7HrjhVZwr6l7gFqZACjY792e7GPA0hQi6Z1p7rJOhnTKHgEvJyO9VgRg9ZHzxDI2Y2+9n0UzndN0qX9mJlXoR0qn7vyFio9SgMTGXIcKB/exPxP89LsXfiZyJKUoSIzxb1UkkxppOEaFco4ChHhjCuhLmV8gFTjKPJ8ceWQLEhYF42wbi/Y/hLrmtV96hav6hXTk+KiEpkl+yRA+KSY3JKzkmDNAknD+SJPJMX69F6td6s91npnFX07JAfsD6+APAdp4Y=</latexit>

|SPW|2 ⇥ [phase space]

“literal normalisation”

What is calculable?

<latexit sha1_base64="tivSjBjGLInD1fx6F1bPjw3gkA4=">AAAB/nicdVDLSgNBEJyNrxhfUY9eBoPgadldlyTegl48RswLkiXMTmaTIbMPZnqFEAL+gFf9A2/i1V/xB/wOZ5MIRrSgoajqprvLTwRXYFkfRm5tfWNzK79d2Nnd2z8oHh61VJxKypo0FrHs+EQxwSPWBA6CdRLJSOgL1vbH15nfvmdS8ThqwCRhXkiGEQ84JaCluwZu9Ysly7yslh23jC3Tsiq2Y2fEqbgXLra1kqGElqj3i5+9QUzTkEVABVGqa1sJeFMigVPBZoVeqlhC6JgMWVfTiIRMedP5qTN8ppUBDmKpKwI8V39OTEmo1CT0dWdIYKR+e5n4l9dNIah6Ux4lKbCILhYFqcAQ4+xvPOCSURATTQiVXN+K6YhIQkGns7LFl2TMYFbQwXx/j/8nLce0y6Z765ZqV8uI8ugEnaJzZKMKqqEbVEdNRNEQPaIn9Gw8GC/Gq/G2aM0Zy5ljtALj/Qsys5YV</latexit>

TV

<latexit sha1_base64="fY/6GjtV0KnLWLDbu/cTU3656UA="></latexit>

[(PW) phase space] =
(V )d3ppp1
2E1(2⇡)3

(V )d3ppp2
2E2(2⇡)3

<latexit sha1_base64="eYrQjbU73kOKEo7k7Q1feUO85kc=">AAACFHicbVC7SgNBFJ31GeMramFhMxgECwm7EjRlwMYygnlAdgmzk7s6ZPbBzF1JWPY3/AFb/QM7sbX3B/wOJ4/CJB4YOJxzL+fO8RMpNNr2t7Wyura+sVnYKm7v7O7tlw4OWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe0PbsZ++wmUFnF0j6MEvJA9RCIQnKGReqVjF0UImroXtOsiDDELZDrMvV6pbFfsCegycWakTGZo9Eo/bj/maQgRcsm07jp2gl7GFAouIS+6qYaE8QF7gK6hETOpXjb5QE7PjNKnQazMi5BO1L8bGQu 1HoW+mQwZPupFbyz+53VTDGpeJqIkRYj4NChIJcWYjtugfaGAoxwZwrgS5lbKH5liHE1ncym+YgPAvGiKcRZrWCaty4pzVaneVcv12qyiAjkhp+ScOOSa1MktaZAm4SQnL+SVvFnP1rv1YX1OR1es2c4RmYP19QtafJ7O</latexit>

⇥ [flux]

<latexit sha1_base64="20+Q8j76o+in5EYZOcoeHQJ40l0="></latexit>

|SPW|2 ⇥ [phase space]

T<latexit sha1_base64="i/y49w/wGm/YsDUz3hVhlu7AB00="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3

well defined!

The frequency per time (= Γ: decay rate) 
is well defined and calculable.

<latexit sha1_base64="tivSjBjGLInD1fx6F1bPjw3gkA4=">AAAB/nicdVDLSgNBEJyNrxhfUY9eBoPgadldlyTegl48RswLkiXMTmaTIbMPZnqFEAL+gFf9A2/i1V/xB/wOZ5MIRrSgoajqprvLTwRXYFkfRm5tfWNzK79d2Nnd2z8oHh61VJxKypo0FrHs+EQxwSPWBA6CdRLJSOgL1vbH15nfvmdS8ThqwCRhXkiGEQ84JaCluwZu9Ysly7yslh23jC3Tsiq2Y2fEqbgXLra1kqGElqj3i5+9QUzTkEVABVGqa1sJeFMigVPBZoVeqlhC6JgMWVfTiIRMedP5qTN8ppUBDmKpKwI8V39OTEmo1CT0dWdIYKR+e5n4l9dNIah6Ux4lKbCILhYFqcAQ4+xvPOCSURATTQiVXN+K6YhIQkGns7LFl2TMYFbQwXx/j/8nLce0y6Z765ZqV8uI8ugEnaJzZKMKqqEbVEdNRNEQPaIn9Gw8GC/Gq/G2aM0Zy5ljtALj/Qsys5YV</latexit>

TV

<latexit sha1_base64="eYrQjbU73kOKEo7k7Q1feUO85kc=">AAACFHicbVC7SgNBFJ31GeMramFhMxgECwm7EjRlwMYygnlAdgmzk7s6ZPbBzF1JWPY3/AFb/QM7sbX3B/wOJ4/CJB4YOJxzL+fO8RMpNNr2t7Wyura+sVnYKm7v7O7tlw4OWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe0PbsZ++wmUFnF0j6MEvJA9RCIQnKGReqVjF0UImroXtOsiDDELZDrMvV6pbFfsCegycWakTGZo9Eo/bj/maQgRcsm07jp2gl7GFAouIS+6qYaE8QF7gK6hETOpXjb5QE7PjNKnQazMi5BO1L8bGQu1HoW+mQwZPupFbyz+53VTDGpeJqIkRYj4NChIJcWYjtugfaGAoxwZwrgS5lbKH5liHE1ncym+YgPAvGiKcRZrWCaty4pzVaneVcv12qyiAjkhp+ScOOSa1MktaZAm4SQnL+SVvFnP1rv1YX1OR1es2c4RmYP19QtafJ7O</latexit>

⇥ [flux]

Intro. 4/6



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

(for Pin = 0)

(skippable) 

details



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

[Peskin, Schroeder]

(skippable) 

details



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
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3
xxx
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⇣
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⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

[Peskin, Schroeder]

(skippable) 

details



S-matrix in Gaussian basis
 S-matrix (1→2) def.:

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

in 
free state

[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state

“additional” 
information

Normalisability of Gaussian 
can makes S itself finite! 

Intro. 5/6



 S-matrix (1→2) def.:
<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin

<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout ~√σ1 ~√σ2

~√σ0X0(@t=T0)
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P1 P2

P0

all possible configurations 
(up to an order)

Normalisability of Gaussian 
can makes S itself finite! 

(Tout-Tin being 

finite in general)

in 
free state

X1(@t=T1) X2(@t=T2)

◦ First proposal by coherent state:
[Ishikawa, Shimomura (0508303)]

◦ Claims on various phenomena 
by Ishikawa-san et. al.

e.g. [Ishikawa, Jinnouchi, Kubota, 
  Sloan, Tatsuishi (1901.03019)]

Experiment by the same group → (1907.01264)

[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state

<latexit sha1_base64="QvZ8llYvZ1amfASTqR22vzSoT60="></latexit>

(22Na ! 22Ne⇤e+⌫, e+(e�) ! 2�)
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Short Summary

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

in 
free state

out 
free state

 plane-wave S-matrix:

 Gaussian S-matrix:

For the same focused physical 1→2 process,

◦ with partial information

◦ not suitably normalised

◦ with full information

◦ normalised appropriately

more 
informative

suitable limits/ 
marginalisations

not equal ( )
“additional” 
information

(note: we can similarly construct those for m→n processes.)
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Short Summary

 |plane-wave S-matrix|2:

 |Gaussian S-matrix|2:

◦ with partial information

◦ not suitably normalised

◦ with full information

◦ normalised appropriately

<latexit sha1_base64="I6BjYodkBEACxeHiybMq8WCUbsE=">AAACDHicbVDLTsJAFL3FF+KDqks3E4mJK9ISoi6JblxiFDCBSqbDFCZMH5mZmpDSX/AH3OofuDNu/Qd/wO9wCl0IeJKbnJxzb+7JcSPOpLKsb6Owtr6xuVXcLu3s7u2XzYPDtgxjQWiLhDwUDy6WlLOAthRTnD5EgmLf5bTjjq8zv/NEhWRhcK8mEXV8PAyYxwhWWuqb5WnPx2pEME/u0uljrW9WrKo1A1oldk4qkKPZN396g5DEPg0U4VjKrm1FykmwUIxwmpZ6saQRJmM8pF1NA+xT6SSz4Ck61coAeaHQEyg0U/9eJNiXcuK7ejNLKZe9TPzP68bKu3QSFkSxogGZP/JijlSIshbQgAlKFJ9ogolgOisiIywwUbqrhS+uwGOq0pIuxl6uYZW0a1X7vFq/rVcaV3lFRTiGEzgDGy6gATfQhBYQiOEFXuHNeDbejQ/jc75aMPKbI1iA8fULi9mbuw==</latexit>

|S|2 itself is well defined.

itself is ill defined.
<latexit sha1_base64="RqKjRRgKSQextwOHT//WQ6+E/xQ=">AAACDHicbVBLTgJBFOzBH+KHUZduJhITV2SGEHVJdOMSo3wSGElP84AOPZ90vzGSgSt4Abd6A3fGrXfwAp7DBmYhYCUvqVS9l3opLxJcoW1/G5m19Y3Nrex2bmd3bz9vHhzWVRhLBjUWilA2PapA8ABqyFFAM5JAfU9AwxteT/3GI0jFw+AeRxG4Pu0HvMcZRS11zPz4rtNGeMKk2piMH0ods2AX7RmsVeKkpEBSVDvmT7sbstiHAJmgSrUcO0I3oRI5EzDJtWMFEWVD2oeWpgH1QbnJ7PGJdaqVrtULpZ4ArZn69yKhvlIj39ObPsWBWvam4n9eK8bepZvwIIoRAjYP6sXCwtCatmB1uQSGYqQJZZLrXy02oJIy1F0tpHiSDgEnOV2Ms1zDKqmXis55sXxbLlSu0oqy5JickDPikAtSITekSmqEkZi8kFfyZjwb78aH8TlfzRjpzRFZgPH1C3NCm6w=</latexit>

|SPW|2

<latexit sha1_base64="3YE4pUFvzIFkczW6B81xabCZN6g="></latexit>

dP = |S|2 d
3XXX1d3ppp1
(2⇡)3

d3XXX2d3ppp2
(2⇡)3

(dimensionful, 
 relative frequency)

(dimensionless, 
 absolute frequency)

External states are characterised 
by momenta.

External states are characterised 
by momenta and positions of centres.

For the same focused physical 1→2 process,
(note: we can similarly construct those for m→n processes.)

<latexit sha1_base64="xVDJ7ySPJOTxGVcMwzPxe8C9i7g="></latexit>

d� =
1

2Ein

|SPW|2

TV

d3ppp1
2E1(2⇡)3

d3ppp2
2E2(2⇡)3
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1. Intro: Gaussian S-matrix with “full” information 
[6 pages] 

2. Anomalous kinetic effect near mass threshold 
(for wave packets) [6 pages] 

3. Isospin anomalies are resolved via the effect. 
[6 pages]

NEXT
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Structure of Transitions

In state

Out state

Overlap region

Wave packets

<latexit sha1_base64="dEi9SRwSqGdAI2sQgISp+wd5/BQ="></latexit>

⌅0(t)

<latexit sha1_base64="NJHlPIeNc8MFOpdCxjU/erZkRLk="></latexit>

⌅1(t)
<latexit sha1_base64="WjsXoYwEUJzgWHXTOT3wtv02SpM="></latexit>

⌅2(t)

<latexit sha1_base64="JV9P9Cwh42M36C+bmE78zlOOVkU="></latexit>

T
<latexit sha1_base64="PzCuZp30KrD5uM7mOzfboB108IQ="></latexit>p
�t

<latexit sha1_base64="xdwJljxaoNbLB7D4ext48cYzZjg="></latexit>p
�s

<latexit sha1_base64="aouuHGikgntv0IC8ZZN8IkqSV0g="></latexit>

⇠
p
�t

In-time-boundary 
region

Out-time-boundary 
region

<latexit sha1_base64="aouuHGikgntv0IC8ZZN8IkqSV0g="></latexit>

⇠
p
�t

<latexit sha1_base64="wNgVTtNCOGmG/W1tvW7fdaTGPeA="></latexit>

t

<latexit sha1_base64="XMBjeBL1F7Cdr2yaHriPZplzKoQ="></latexit>

Tin

<latexit sha1_base64="6Tc/RxNM5Zms7oLUrOS7w82ees4="></latexit>

Tout (! 1)

Bulk region

<latexit sha1_base64="sLFV5bDBROYsgqFX7nfDgjKRwNY="></latexit>⇡

<latexit sha1_base64="sLFV5bDBROYsgqFX7nfDgjKRwNY="></latexit>⇡

Spatially infinite 
overlap region

In state

Out state

Plane waves

6B;m`2 R, a+?2K�iB+ };m`2 7Q` i?2 }MBi2 r�p2@T�+F2i T`Q+2bb UH27iV �M/ i?2 BM}MBi2 TH�M2@r�p2
T`Q+2bb U`B;?iV rBi?Qmi i�FBM; BMiQ �++QmMi i?2 HB72iBK2 ⌧0X AM i?2 H27i- r2 ?�p2 b?QrM i?2 iBK2
Q7 BMi2`b2+iBQM Tc i?2 bT�iB�H �M/ i2KTQ`�H bBx2b Q7 i?2 Qp2`H�T p

�s �M/ p
�t- `2bT2+iBp2Hvc i?2

+2Mi2` Q7 r�p2 T�+F2ib ⌅A UA = 0, 1, 2Vc �M/ i?2 BMBiB�H �M/ }M�H iBK2b Q7 i?2 b+�ii2`BM; TBM
�M/ TQmi- `2bT2+iBp2HvX �HbQ- i?2 #mHF TBM ⌧ t ⌧ TQmi- BM@iBK2@#QmM/�`v U|t� TBM| .

p
�tV-

�M/ Qmi@iBK2@#QmM/�`v U|TQmi � t| . p
�tV `2;BQMb �`2 b?QrMX Uh?Bb T�M2H +Q``2bTQM/b iQ i?2

#mHF@HBF2 +�b2 |T� TBM| �
p
�tc b22 6B;X kXV AM i?2 `B;?i- i?2 bT�iB�H Qp2`H�T Q7 i?2 TH�M2

r�p2b M2p2` /2+`2�b2b BM iBK2- �M/ ?2M+2 i?2 BMi2`�+iBQM rQmH/ #2 M2p2` brBi+?2/ Qz- �M/
i?2 b+�ii2`BM; rQmH/ #2 M2p2` +QKTH2i2/c i?2`27Q`2 i?2 2ti`� /�KTBM; 7�+iQ` e⌥✏t

R
/3x bHUAV

BMi(t,x)

rBi? �M BM}MBi2bBK�H ✏ > 0 Bb +QMp2MiBQM�HHv Tmi #v ?�M/ 7Q` i?2 7mim`2 �M/ T�bi BM}MBi2
iBK2b t ! ±1- r?B+? Bb /2TB+i2/ #v i?2 /�KTBM; Q7 i?2 QT�+Biv Q7 i?2 Q`�M;2 `2;BQMX h?Bb
7�+iQ` 2p2Mim�HHv `2bmHib BM i?2 T`QT�;�iQ` /

�
p2 +m2 � i✏

�
�1 BM i?2 +QMp2MiBQM�H 62vMK�M

/B�;`�K +�H+mH�iBQMX

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, URdV

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
A

�
UR3V

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. URNV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkyV

3

No boundary

No boundary

 The plane-wave S-matrix has no time boundaries (only in time bulk).

 The wave-packet S-matrix has time boundaries (also in time bulk).

Sec. 2 1/6



What’s next?
 We examined the simplest 1→2 case in wave-packet formalism. 
  Now, we will be interested in

2. When does the wave-packet effect become significant?

1. How about the 2→2 full scattering, including the production part?

Today’s main topic

No detailed discussion today
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 So, the `best’ process to see a wave-packet intrinsic nature requires

◦ domination of the boundary contribution, e.g., via a narrow phase space

◦ resonant production & decay

+

◦ experimental anomalies being reported

<latexit sha1_base64="Lh/1HbGH6+7S9V6YJPd6KN3c3NI=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDXjxGMQ9IQpid9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/hJNmDSSxoKKq66e7yY8G1cd1vJ7exubW9k98t7O0fHB4Vj0+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx/fzvzWEyrNI/loJjH2QjqUPOCMGis9dNN+seSW3TnIOvEyUoIM9X7xpzuIWBKiNExQrTueG5teSpXhTOC00E00xpSN6RA7lkoaou6l80un5MIqAxJEypY0ZK7+nUhpqPUk9G1nSM1Ir3oz8T+vk5ig2ku5jBODki0WBYkgJiKzt8mAK2RGTCyhTHF7K2EjqigzNpylLb6iYzTTg g3GW41hnTSvyt51uXJfKdWqWUR5OINzuAQPbqAGd1CHBjAI4AVe4c15dt6dD+dz0ZpzsplTWILz9Qu5vZXM</latexit>

{
We found such a process! 
⇒ heavy quarkonium decays into mesons near kinetic threshold

<latexit sha1_base64="J84cYAhe0YDX2yRhLywWkuXygQQ=">AAAB/nicbVDLSgNBEJyNrxhfUY9eFoPgxbArQT1JwIvHiOYByRpmJ73JkNnZZaZXCEvAH/Cqf+BNvPor/oDf4STZg0ksaCiquunu8mPBNTrOt5VbWV1b38hvFra2d3b3ivsHDR0likGdRSJSLZ9qEFxCHTkKaMUKaOgLaPrDm4nffAKleSQfcBSDF9K+5AFnFI10D49n3WLJKTtT2MvEzUiJZKh1iz+dXsSSECQyQbVuu06MXkoVciZgXOgkGmLKhrQPbUMlDUF76fTUsX1ilJ4dRMqURHuq/p1Iaaj1KPRNZ0hxoBe9ifif104wuPJSLuMEQbLZoiARNkb25G+7xxUwFCNDKFPc3GqzAVWUoUlnbouv6BBwXDDBuIsxLJPGedm9KFfuKqXqdRZRnhyRY3JKXHJJquSW1EidMNInL+SVvFnP1rv1YX3OWnNWNnNI5mB9/QIJOJX1</latexit>

e�
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Anomaly in heavy vector quarkonium decays
 For each heavy vector quarkonium (V), two dominant decay branches 
  are “V→P+P-” and “V→P0P0”.

◦ P+ is the EM-charged one; (anti-particle of P+) = P-

◦ P- is the EM-neutral one; (anti-particle of P0) = P0
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Anomaly in heavy vector quarkonium decays
 For each heavy vector quarkonium (V), two dominant decay branches 
  are “V→P+P-” and “V→P0P0”.

◦ P+ is the EM-charged one; (anti-particle of P+) = P-

◦ P- is the EM-neutral one; (anti-particle of P0) = P0
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⌘ , R⌥ :=
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Bb K�BMHv mb2/- �M/ r2 7QHHQr Bi 7Q` 2�b2 Q7 +QKT�`BbQMX
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B+ ! J/ K+ Bb �bbmK2/X h?2 2ti2Mi iQ r?B+? i?2 BbQbTBM bvKK2i`v Bb p�HB/ BM ?�/`QMB+ /2+�vb Bb /2#�i�#H2
(S`Bp�i2 *QKKmMB+�iBQM rBi? .`X �FBK�b� Ab?BF�r�)X

j

“Kaons” “D-mesons” “B-mesons”

Measuring Isospin breaking
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R�1
�

� S.: = 0.690± 0.015,
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� S.: = 1.253± 0.016,

�M/ r2 ?�p2 BMp2`i2/ i?2K BM 1[X UkVX AM i?2 i?2Q`2iB+�H HBi2`�im`2- i?2 `�iBQ URV Q7 +?�`;2/ iQ M2mi`�H KQ/2b
Bb K�BMHv mb2/- �M/ r2 7QHHQr Bi 7Q` 2�b2 Q7 +QKT�`BbQMX

jAM i?2 2p�Hm�iBQM Q7 R⌥ = 1.058±0.024 (R)- i?2 7QHHQrBM; BbQbTBM bvKK2i`v �KQM;- 2X;X- B0 ! J/ Ka �M/
B+ ! J/ K+ Bb �bbmK2/X h?2 2ti2Mi iQ r?B+? i?2 BbQbTBM bvKK2i`v Bb p�HB/ BM ?�/`QMB+ /2+�vb Bb /2#�i�#H2
(S`Bp�i2 *QKKmMB+�iBQM rBi? .`X �FBK�b� Ab?BF�r�)X

j

+QmTHBM; gV+ = gV 0- i?2 /Bz2`2M+2 BM i?2 Tb2m/Q@b+�H�`@K2bQM K�bb2b mP+ 6= mP 0 `2bmHib BM
� /2pB�iBQM BM RV 7`QK mMBiv, SmiiBM; i?2 K�bb p�Hm2b BM _27X (R)-9 r2 Q#i�BM

RTH�M2
� =

g2�+
g2�0

(1.5156± 0.0033) , RTH�M2
 =

g2 +
g2 0

(0.6915± 0.0046) , RTH�M2
⌥ =

g2⌥+

g2⌥0

(1.047± 0.026) .

U9V

*QKT�`BM; 1[bX UkV �M/ U9V- r2 b22 i?�i i?2 BbQbTBM@bvKK2i`B+ HBKBi 7Q` i?2 +QmTHBM; gV+ =
gV 0 `2bmHib BM i?2 �MQK�Hv �i i?2 H2p2H Q7 2.1�- 9.5�- �M/ 0.32� 7Q` �-  - �M/ ⌥- `2bT2+iBp2HvX

q2 #`B2~v `2pB2r i?2 i?2Q`2iB+�H �++QmMib 7Q` i?2 �MQK�Hv rBi?BM TH�M2@r�p2 7Q`K�HBbKX
6Q` R�- Bi im`M2/ Qmi i?�i `�/B�iBp2 +Q``2+iBQMb K�F2 i?2 �MQK�Hv KQ`2 bB;MB}+�Mi (k), h?2
bi�M/�`/ [m�MimK@2H2+i`Q/vM�KB+b UZ1.V +Q``2+iBQMb K�F2 i?2 i?2Q`2iB+�H T`2/B+iBQM Q7 i?2
`�iBQ 9 W H�`;2`- �M/ BbQbTBM@#`2�FBM; +Q``2+iBQMb iQ i?2 `�iBQ g2�+/g

2
�0 7m`i?2` K�F2 Bi ǳbQK2

k WǴ (k) H�`;2`- H2�/BM; iQ � H�`;2` �MQK�Hv Q7 `Qm;?Hv 5.2� �bbmKBM; i?�i i?2 2``Q` Bb /QK@
BM�i2/ #v i?�i BM 1[X UkVX AM _27X (j) i?2 �mi?Q`b BMi`Q/m+2 � bK2�`2/ /2+�v `�i2 i?�i Bb �
7mM+iBQM Q7 i?2 2M2`;v /Bz2`2M+2 #2ir22M i?2 BMBiB�H �M/ }M�H TH�M2@r�p2 bi�i2bc i?Bb bK2�`BM;
Bb #v i?2 GQ`2MixB�M /Bbi`B#miBQM /m2 iQ i?2 BM+HmbBQM Q7 i?2 rB/i? �b r2HH �b #v � T?2MQK2MQ@
HQ;B+�H 7Q`K 7�+iQ` Tmi #v ?�M/ iQ `2;mH�`Bx2 �M mHi`�pBQH2i UloV /Bp2`;2M+2c i?2 �MQK�Hv
7Q` � +�M #2 2tTH�BM2/ rBi? � K�bb T�`�K2i2` M ' 1.5:2o BM i?2 T?2MQK2MQHQ;B+�H 7Q`K
7�+iQ`X AM _27X (9)- i?2 �mi?Q`b ?�p2 2biBK�i2/ i?2 2z2+ib Q7 i?2 2H2+i`QK�;M2iB+ bi`m+im`2 Q7
F�QMb �M/ Qi?2` KQ/2H@/2T2M/2Mi +QMi`B#miBQMb iQ i?2 `�/B�iBp2 +Q``2+iBQMb- �M/ i?2 `2bmHi�Mi
+Q``2+iBQMb ?�p2 im`M2/ Qmi iQ #2 iBMvX AM _27X (8)- irQ U� "`2Bi@qB;M2` �M/ � MQM@`2H�iBpBbiB+
GQ`2MixB�MV ivT2b Q7 �p2`�;2/ /2+�v rB/i?b Qp2` i?2 BMBiB�H@bi�i2 2M2`;v �`2 BMi`Q/m+2/ rBi?
irQ T?2MQK2MQHQ;B+�HHv +?Qb2M 2M2`;v BMi2`p�Hb RXyRyĜRXyey :2o �M/ RXyyyĜRXRyy :2o- iQ `2@
H�t i?2 �MQK�HvX

6Q` R - �MQi?2` ivT2 Q7 �p2`�;2/ /2+�v rB/i? Bb BMi`Q/m+2/ BM _27X (e)- �M/ i?2 `2bmHi�Mi
�MQK�Hv ?�b #2+QK2 2p2M KQ`2 bB;MB}+�MiX h?2`2 Bb MQ 2tTH�M�iBQM 7Q` i?Bb 9.5� �MQK�Hv bQ
7�`X

h?2 �#Qp2 bK2�`BM;f�p2`�;BM; Qp2` i?2 2M2`;v T`QpB/2b bB;MB}+�Mi 2z2+ib #2+�mb2 i?2 /2@
+�v V ! PP Bb M2�` i?2 i?`2b?QH/ mV ' 2mP X AM bBim�iBQMb M2�` i?2 i?`2b?QH/- Bi Bb /2bB`�#H2
iQ i`2�i i?2 /2+�v KQ`2 `B;Q`QmbHv #v mbBM; r�p2 T�+F2ib 7Q` i?2 BMBiB�H �M/ }M�H bi�i2bX _2@
+�HH i?�i i?2 S@K�i`Bt BM i?2 TH�M2@r�p2 7Q`K�HBbK +QMi�BMb i?2 2M2`;v@KQK2MimK@+QMb2`pBM;
/2Hi� 7mM+iBQM �M/ Bb i?2Q`2iB+�HHv BHH@/2}M2/ r?2M +QKTmiBM; i?2 T`Q#�#BHBiv `�i?2` i?�M i?2
`�i2X � r2HH@/2}M2/ /2+�v T`Q#�#BHBiv +�M #2 +�H+mH�i2/ QMHv �b � i`�MbBiBQM 7`QK � r�p2
T�+F2i iQ � T�B` Q7 r�p2 T�+F2ibX h?Bb Bb i?2Q`2iB+�HHv KQ`2 `2HB�#H2X

AM i?2 T`2pBQmb �M�Hvb2b (j- 9- 8)- Bi ?�b #22M �bbmK2/ i?�i i?2 i`�MbBiBQM T`Q+2bb2b �`2
/2b+`B#2/ #v i?2 UTH�M2@r�p2V `�i2b �HQM2X8 AM i?Bb T�T2`- r2 T`2b2Mi �M �M�HvbBb #�b2/ QM

9*QM+`2i2Hv-

m� = (1019.461± 0.016)J2o, m = (3773.7± 0.4)J2o, m⌥ = (10579.4± 1.2)J2o,

2mK+ = (987.354± 0.032)J2o, 2mD+ = (3739.32± 0.10)J2o, 2mB+ = (10558.7± 0.24)J2o,

2mK0 = (995.222± 0.026)J2o, 2mD0 = (3729.68± 0.10)J2o, 2mB0 = (10559.3± 0.24)J2o,

�bbmKBM; i?2 bi�M/�`/ 2``Q` T`QT�;�iBQM 7Q` i?2 irB+2 Tb2m/Q@b+�H�` K�bbX h?2 iQi�H /2+�v rB/i?b �`2

�� = (4.249± 0.013)J2o, � = (27.2± 1.0)J2o, �⌥ = (20.5± 2.5)J2o.

8a22 �HbQ _27bX (d- 3) 7Q` MQM@bi�M/�`/ �TT`Q�+?2b rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKbX
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○ PDG values:

○ plane-wave 
   results:
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Anomaly in heavy vector quarkonium decays
 For each heavy vector quarkonium (V), two dominant decay branches 
  are “V→P+P-” and “V→P0P0”.

◦ P+ is the EM-charged one; (anti-particle of P+) = P-

◦ P- is the EM-neutral one; (anti-particle of P0) = P0
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Measuring Isospin breaking
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+QmTHBM; gV+ = gV 0- i?2 /Bz2`2M+2 BM i?2 Tb2m/Q@b+�H�`@K2bQM K�bb2b mP+ 6= mP 0 `2bmHib BM
� /2pB�iBQM BM RV 7`QK mMBiv, SmiiBM; i?2 K�bb p�Hm2b BM _27X (R)-9 r2 Q#i�BM

RTH�M2
� =

g2�+
g2�0

(1.5156± 0.0033) , RTH�M2
 =

g2 +
g2 0

(0.6915± 0.0046) , RTH�M2
⌥ =

g2⌥+

g2⌥0

(1.047± 0.026) .

U9V

*QKT�`BM; 1[bX UkV �M/ U9V- r2 b22 i?�i i?2 BbQbTBM@bvKK2i`B+ HBKBi 7Q` i?2 +QmTHBM; gV+ =
gV 0 `2bmHib BM i?2 �MQK�Hv �i i?2 H2p2H Q7 2.1�- 9.5�- �M/ 0.32� 7Q` �-  - �M/ ⌥- `2bT2+iBp2HvX
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H�t i?2 �MQK�HvX

6Q` R - �MQi?2` ivT2 Q7 �p2`�;2/ /2+�v rB/i? Bb BMi`Q/m+2/ BM _27X (e)- �M/ i?2 `2bmHi�Mi
�MQK�Hv ?�b #2+QK2 2p2M KQ`2 bB;MB}+�MiX h?2`2 Bb MQ 2tTH�M�iBQM 7Q` i?Bb 9.5� �MQK�Hv bQ
7�`X

h?2 �#Qp2 bK2�`BM;f�p2`�;BM; Qp2` i?2 2M2`;v T`QpB/2b bB;MB}+�Mi 2z2+ib #2+�mb2 i?2 /2@
+�v V ! PP Bb M2�` i?2 i?`2b?QH/ mV ' 2mP X AM bBim�iBQMb M2�` i?2 i?`2b?QH/- Bi Bb /2bB`�#H2
iQ i`2�i i?2 /2+�v KQ`2 `B;Q`QmbHv #v mbBM; r�p2 T�+F2ib 7Q` i?2 BMBiB�H �M/ }M�H bi�i2bX _2@
+�HH i?�i i?2 S@K�i`Bt BM i?2 TH�M2@r�p2 7Q`K�HBbK +QMi�BMb i?2 2M2`;v@KQK2MimK@+QMb2`pBM;
/2Hi� 7mM+iBQM �M/ Bb i?2Q`2iB+�HHv BHH@/2}M2/ r?2M +QKTmiBM; i?2 T`Q#�#BHBiv `�i?2` i?�M i?2
`�i2X � r2HH@/2}M2/ /2+�v T`Q#�#BHBiv +�M #2 +�H+mH�i2/ QMHv �b � i`�MbBiBQM 7`QK � r�p2
T�+F2i iQ � T�B` Q7 r�p2 T�+F2ibX h?Bb Bb i?2Q`2iB+�HHv KQ`2 `2HB�#H2X

AM i?2 T`2pBQmb �M�Hvb2b (j- 9- 8)- Bi ?�b #22M �bbmK2/ i?�i i?2 i`�MbBiBQM T`Q+2bb2b �`2
/2b+`B#2/ #v i?2 UTH�M2@r�p2V `�i2b �HQM2X8 AM i?Bb T�T2`- r2 T`2b2Mi �M �M�HvbBb #�b2/ QM

9*QM+`2i2Hv-

m� = (1019.461± 0.016)J2o, m = (3773.7± 0.4)J2o, m⌥ = (10579.4± 1.2)J2o,

2mK+ = (987.354± 0.032)J2o, 2mD+ = (3739.32± 0.10)J2o, 2mB+ = (10558.7± 0.24)J2o,

2mK0 = (995.222± 0.026)J2o, 2mD0 = (3729.68± 0.10)J2o, 2mB0 = (10559.3± 0.24)J2o,

�bbmKBM; i?2 bi�M/�`/ 2``Q` T`QT�;�iBQM 7Q` i?2 irB+2 Tb2m/Q@b+�H�` K�bbX h?2 iQi�H /2+�v rB/i?b �`2

�� = (4.249± 0.013)J2o, � = (27.2± 1.0)J2o, �⌥ = (20.5± 2.5)J2o.

8a22 �HbQ _27bX (d- 3) 7Q` MQM@bi�M/�`/ �TT`Q�+?2b rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKbX
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○ PDG values:

○ plane-wave 
   results: 2.1σ 0.32σ9.5σ!!

[for isospin-symmetric case (gP+ = gP0)]
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 The mass difference in the final states deviates the ratio from unity.

 In the plane-wave calculation, R(Φ) and R(ψ) depend on only 
  the masses in the isospin-symmetric limit (g+ = g0).

It should be good since mu ~ md ~ O(1) MeV, 
while ms ~ O(102) MeV and mc ~ O(1) GeV.

where g+ is the e�ective dimensionless coupling, while g0 is the counterpart (instead of g+) for the decay
� ! K0K0. In the limit of exact SU(2) flavor symmetry, we get g+ = g0 (see e.g. [2]). In the ordinary
plane wave formalism, the decay width takes the form,

�
�
� ! K+K�� = 2

3

✓
g2+
4⇡

◆
|k|3

m2
�

,

|k| = 1

2

�
m2

� � 4m2
K+

�1/2
, (1.5)
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Based on the above PDG-Live digits, we get

RFGR2 = 1.51558 ' 1.516, (1.8)

where the error here would be negligible up to the rounded digits. In Ref. [2] (as a quotation of the
analysis done in Ref. [3]), the radiative correction factor (in the ordinary QFT formalism), ⌘ = 1.042,
was reported (see also [4–6]).1
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which is equivalent to the previous form with E0 = m�, E1 ' mK ' E2.

2 Form Factor

We focus on the following form for a non-relativistic bound state composed of the heavy quark Q (x1, s1)
and the anti-quarkQ (x2, s2) at a certain time, wherex1,2 and s1,2 are their positions and spins, respectively,
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1When we compare Eq. (1.3) and Eq. (1.8) simply, the discrepancy is ⇠ 3� without the radiative correction, and the
discrepancy becomes more than 5� with the radiative correction (⌘ = 1.042).
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Isospin breaking and QED corrections do not 
resolve the discrepancy of R(Φ).
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H�t i?2 �MQK�HvX

6Q` R - �MQi?2` ivT2 Q7 �p2`�;2/ /2+�v rB/i? Bb BMi`Q/m+2/ BM _27X (e)- �M/ i?2 `2bmHi�Mi
�MQK�Hv ?�b #2+QK2 2p2M KQ`2 bB;MB}+�MiX h?2`2 Bb MQ 2tTH�M�iBQM 7Q` i?Bb 9.5� �MQK�Hv bQ
7�`X

h?2 �#Qp2 bK2�`BM;f�p2`�;BM; Qp2` i?2 2M2`;v T`QpB/2b bB;MB}+�Mi 2z2+ib #2+�mb2 i?2 /2@
+�v V ! PP Bb M2�` i?2 i?`2b?QH/ mV ' 2mP X AM bBim�iBQMb M2�` i?2 i?`2b?QH/- Bi Bb /2bB`�#H2
iQ i`2�i i?2 /2+�v KQ`2 `B;Q`QmbHv #v mbBM; r�p2 T�+F2ib 7Q` i?2 BMBiB�H �M/ }M�H bi�i2bX _2@
+�HH i?�i i?2 S@K�i`Bt BM i?2 TH�M2@r�p2 7Q`K�HBbK +QMi�BMb i?2 2M2`;v@KQK2MimK@+QMb2`pBM;
/2Hi� 7mM+iBQM �M/ Bb i?2Q`2iB+�HHv BHH@/2}M2/ r?2M +QKTmiBM; i?2 T`Q#�#BHBiv `�i?2` i?�M i?2
`�i2X � r2HH@/2}M2/ /2+�v T`Q#�#BHBiv +�M #2 +�H+mH�i2/ QMHv �b � i`�MbBiBQM 7`QK � r�p2
T�+F2i iQ � T�B` Q7 r�p2 T�+F2ibX h?Bb Bb i?2Q`2iB+�HHv KQ`2 `2HB�#H2X

AM i?2 T`2pBQmb �M�Hvb2b (j- 9- 8)- Bi ?�b #22M �bbmK2/ i?�i i?2 i`�MbBiBQM T`Q+2bb2b �`2
/2b+`B#2/ #v i?2 UTH�M2@r�p2V `�i2b �HQM2X8 AM i?Bb T�T2`- r2 T`2b2Mi �M �M�HvbBb #�b2/ QM

9*QM+`2i2Hv-

m� = (1019.461± 0.016)J2o, m = (3773.7± 0.4)J2o, m⌥ = (10579.4± 1.2)J2o,

2mK+ = (987.354± 0.032)J2o, 2mD+ = (3739.32± 0.10)J2o, 2mB+ = (10558.7± 0.24)J2o,

2mK0 = (995.222± 0.026)J2o, 2mD0 = (3729.68± 0.10)J2o, 2mB0 = (10559.3± 0.24)J2o,

�bbmKBM; i?2 bi�M/�`/ 2``Q` T`QT�;�iBQM 7Q` i?2 irB+2 Tb2m/Q@b+�H�` K�bbX h?2 iQi�H /2+�v rB/i?b �`2

�� = (4.249± 0.013)J2o, � = (27.2± 1.0)J2o, �⌥ = (20.5± 2.5)J2o.

8a22 �HbQ _27bX (d- 3) 7Q` MQM@bi�M/�`/ �TT`Q�+?2b rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKbX

9

+QmTHBM; gV+ = gV 0- i?2 /Bz2`2M+2 BM i?2 Tb2m/Q@b+�H�`@K2bQM K�bb2b mP+ 6= mP 0 `2bmHib BM
� /2pB�iBQM BM RV 7`QK mMBiv, SmiiBM; i?2 K�bb p�Hm2b BM _27X (R)-9 r2 Q#i�BM

RTH�M2
� =

g2�+
g2�0

(1.5156± 0.0033) , RTH�M2
 =

g2 +
g2 0

(0.6915± 0.0046) , RTH�M2
⌥ =

g2⌥+

g2⌥0

(1.047± 0.026) .

U9V

*QKT�`BM; 1[bX UkV �M/ U9V- r2 b22 i?�i i?2 BbQbTBM@bvKK2i`B+ HBKBi 7Q` i?2 +QmTHBM; gV+ =
gV 0 `2bmHib BM i?2 �MQK�Hv �i i?2 H2p2H Q7 2.1�- 9.5�- �M/ 0.32� 7Q` �-  - �M/ ⌥- `2bT2+iBp2HvX

q2 #`B2~v `2pB2r i?2 i?2Q`2iB+�H �++QmMib 7Q` i?2 �MQK�Hv rBi?BM TH�M2@r�p2 7Q`K�HBbKX
6Q` R�- Bi im`M2/ Qmi i?�i `�/B�iBp2 +Q``2+iBQMb K�F2 i?2 �MQK�Hv KQ`2 bB;MB}+�Mi (k), h?2
bi�M/�`/ [m�MimK@2H2+i`Q/vM�KB+b UZ1.V +Q``2+iBQMb K�F2 i?2 i?2Q`2iB+�H T`2/B+iBQM Q7 i?2
`�iBQ 9 W H�`;2`- �M/ BbQbTBM@#`2�FBM; +Q``2+iBQMb iQ i?2 `�iBQ g2�+/g

2
�0 7m`i?2` K�F2 Bi ǳbQK2

k WǴ (k) H�`;2`- H2�/BM; iQ � H�`;2` �MQK�Hv Q7 `Qm;?Hv 5.2� �bbmKBM; i?�i i?2 2``Q` Bb /QK@
BM�i2/ #v i?�i BM 1[X UkVX AM _27X (j) i?2 �mi?Q`b BMi`Q/m+2 � bK2�`2/ /2+�v `�i2 i?�i Bb �
7mM+iBQM Q7 i?2 2M2`;v /Bz2`2M+2 #2ir22M i?2 BMBiB�H �M/ }M�H TH�M2@r�p2 bi�i2bc i?Bb bK2�`BM;
Bb #v i?2 GQ`2MixB�M /Bbi`B#miBQM /m2 iQ i?2 BM+HmbBQM Q7 i?2 rB/i? �b r2HH �b #v � T?2MQK2MQ@
HQ;B+�H 7Q`K 7�+iQ` Tmi #v ?�M/ iQ `2;mH�`Bx2 �M mHi`�pBQH2i UloV /Bp2`;2M+2c i?2 �MQK�Hv
7Q` � +�M #2 2tTH�BM2/ rBi? � K�bb T�`�K2i2` M ' 1.5:2o BM i?2 T?2MQK2MQHQ;B+�H 7Q`K
7�+iQ`X AM _27X (9)- i?2 �mi?Q`b ?�p2 2biBK�i2/ i?2 2z2+ib Q7 i?2 2H2+i`QK�;M2iB+ bi`m+im`2 Q7
F�QMb �M/ Qi?2` KQ/2H@/2T2M/2Mi +QMi`B#miBQMb iQ i?2 `�/B�iBp2 +Q``2+iBQMb- �M/ i?2 `2bmHi�Mi
+Q``2+iBQMb ?�p2 im`M2/ Qmi iQ #2 iBMvX AM _27X (8)- irQ U� "`2Bi@qB;M2` �M/ � MQM@`2H�iBpBbiB+
GQ`2MixB�MV ivT2b Q7 �p2`�;2/ /2+�v rB/i?b Qp2` i?2 BMBiB�H@bi�i2 2M2`;v �`2 BMi`Q/m+2/ rBi?
irQ T?2MQK2MQHQ;B+�HHv +?Qb2M 2M2`;v BMi2`p�Hb RXyRyĜRXyey :2o �M/ RXyyyĜRXRyy :2o- iQ `2@
H�t i?2 �MQK�HvX

6Q` R - �MQi?2` ivT2 Q7 �p2`�;2/ /2+�v rB/i? Bb BMi`Q/m+2/ BM _27X (e)- �M/ i?2 `2bmHi�Mi
�MQK�Hv ?�b #2+QK2 2p2M KQ`2 bB;MB}+�MiX h?2`2 Bb MQ 2tTH�M�iBQM 7Q` i?Bb 9.5� �MQK�Hv bQ
7�`X

h?2 �#Qp2 bK2�`BM;f�p2`�;BM; Qp2` i?2 2M2`;v T`QpB/2b bB;MB}+�Mi 2z2+ib #2+�mb2 i?2 /2@
+�v V ! PP Bb M2�` i?2 i?`2b?QH/ mV ' 2mP X AM bBim�iBQMb M2�` i?2 i?`2b?QH/- Bi Bb /2bB`�#H2
iQ i`2�i i?2 /2+�v KQ`2 `B;Q`QmbHv #v mbBM; r�p2 T�+F2ib 7Q` i?2 BMBiB�H �M/ }M�H bi�i2bX _2@
+�HH i?�i i?2 S@K�i`Bt BM i?2 TH�M2@r�p2 7Q`K�HBbK +QMi�BMb i?2 2M2`;v@KQK2MimK@+QMb2`pBM;
/2Hi� 7mM+iBQM �M/ Bb i?2Q`2iB+�HHv BHH@/2}M2/ r?2M +QKTmiBM; i?2 T`Q#�#BHBiv `�i?2` i?�M i?2
`�i2X � r2HH@/2}M2/ /2+�v T`Q#�#BHBiv +�M #2 +�H+mH�i2/ QMHv �b � i`�MbBiBQM 7`QK � r�p2
T�+F2i iQ � T�B` Q7 r�p2 T�+F2ibX h?Bb Bb i?2Q`2iB+�HHv KQ`2 `2HB�#H2X

AM i?2 T`2pBQmb �M�Hvb2b (j- 9- 8)- Bi ?�b #22M �bbmK2/ i?�i i?2 i`�MbBiBQM T`Q+2bb2b �`2
/2b+`B#2/ #v i?2 UTH�M2@r�p2V `�i2b �HQM2X8 AM i?Bb T�T2`- r2 T`2b2Mi �M �M�HvbBb #�b2/ QM

9*QM+`2i2Hv-

m� = (1019.461± 0.016)J2o, m = (3773.7± 0.4)J2o, m⌥ = (10579.4± 1.2)J2o,

2mK+ = (987.354± 0.032)J2o, 2mD+ = (3739.32± 0.10)J2o, 2mB+ = (10558.7± 0.24)J2o,

2mK0 = (995.222± 0.026)J2o, 2mD0 = (3729.68± 0.10)J2o, 2mB0 = (10559.3± 0.24)J2o,

�bbmKBM; i?2 bi�M/�`/ 2``Q` T`QT�;�iBQM 7Q` i?2 irB+2 Tb2m/Q@b+�H�` K�bbX h?2 iQi�H /2+�v rB/i?b �`2

�� = (4.249± 0.013)J2o, � = (27.2± 1.0)J2o, �⌥ = (20.5± 2.5)J2o.

8a22 �HbQ _27bX (d- 3) 7Q` MQM@bi�M/�`/ �TT`Q�+?2b rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKbX

9

Note:

Here, the form factor [ψ(r=0)] of the vector meson 
is cancelled out in R.

Sec. 2 5/6



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
�s

�V 2
. URdV

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, UR3V

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
A

�
URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. UkyV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
i2`T�`i BM i?2 `B;?iX

�7i2` i?2 b[m�`2 +QKTH2iBQM Q7 t �M/ i?2 �M�HviB+ :�mbbB�M BMi2;`�iBQM Qp2` x BM UR9V- �b
K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,

SV!PP = ig2zNV

 
2Y

A=0

1p
2EA

✓
1

⇡�A

◆3/4
!
e�

�t
2 (�!)2��s

2 (�P )2�R
2 (2⇡�s)

3/2p2⇡�tG(T)

⇥ e�
�V
2 (T�T0+i�t�!)+

�2
V �t
8 eF (|V1 � V2|) , UkkV

r?2`2 i?2 rBM/Qr 7mM+iBQM G(T) Bb /2}M2/ �bRe

G(T) :=

Z TQmi

TBM

/tp
2⇡�t

e
� 1

2�t

h
t�

⇣
T��V �t

2 +i�t�!
⌘i2

=
1

2

"
2`7
 
T� TBM � �V �t

2 + i�t�!p
2�t

!
� 2`7

 
T� TQmi � �V �t

2 + i�t�!p
2�t

!#
, UkjV

R8q2 �/QTi i?2 7QHHQrBM; MQi�iBQM 7Q` �`#Bi`�`v b+�H�` �M/ p2+iQ` p�`B�#H2b C �M/ C- `2bT2+iBp2Hv,

C := �s

2X

A=0

CA

�A
, C := �s

2X

A=0

CA

�A
, �C2 := C2 �C

2
.

ReAM 1[X UkjV- T QM i?2 `B;?i@?�M/ bB/2 Bb `2TH�+2/ 7`QK i?2 Q`B;BM�H /2}MBiBQM Q7 G(T) BM (RR) �b T ! T� �V �t
2 X

N
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a finite form



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
�s

�V 2
. URdV

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, UR3V

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
A

�
URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. UkyV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
i2`T�`i BM i?2 `B;?iX

�7i2` i?2 b[m�`2 +QKTH2iBQM Q7 t �M/ i?2 �M�HviB+ :�mbbB�M BMi2;`�iBQM Qp2` x BM UR9V- �b
K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,

SV!PP = ig2zNV
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A=0

1p
2EA

✓
1

⇡�A

◆3/4
!
e�

�t
2 (�!)2��s

2 (�P )2�R
2 (2⇡�s)

3/2p2⇡�tG(T)

⇥ e�
�V
2 (T�T0+i�t�!)+

�2
V �t
8 eF (|V1 � V2|) , UkkV

r?2`2 i?2 rBM/Qr 7mM+iBQM G(T) Bb /2}M2/ �bRe

G(T) :=

Z TQmi

TBM

/tp
2⇡�t

e
� 1

2�t

h
t�

⇣
T��V �t

2 +i�t�!
⌘i2

=
1

2

"
2`7
 
T� TBM � �V �t

2 + i�t�!p
2�t

!
� 2`7

 
T� TQmi � �V �t

2 + i�t�!p
2�t

!#
, UkjV

R8q2 �/QTi i?2 7QHHQrBM; MQi�iBQM 7Q` �`#Bi`�`v b+�H�` �M/ p2+iQ` p�`B�#H2b C �M/ C- `2bT2+iBp2Hv,

C := �s

2X

A=0

CA

�A
, C := �s

2X

A=0

CA

�A
, �C2 := C2 �C

2
.

ReAM 1[X UkjV- T QM i?2 `B;?i@?�M/ bB/2 Bb `2TH�+2/ 7`QK i?2 Q`B;BM�H /2}MBiBQM Q7 G(T) BM (RR) �b T ! T� �V �t
2 X
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form factor for the vector quarkonium

○

q2 +QMbB/2` i?2 7QHHQrBM; K�i`Bt 2H2K2Mi

⌦
Q (p1, s1)Q (p2, s2)

��V (QQ),P
↵
=

Z
/3x1 /3x2 e

iP ·x1+x2
2 Fs1,s2(x1 � x2)

✓
1p
2⇡

◆6

e�ip1·x1�ix2·p2

=

Z
/3X /3r e

i(P�p1�p2)·X�i
⇣

p1�p2
2

⌘
·r 1

(2⇡)3
Fs1,s2(r)

= �3(P � p1 � p2)

Z
/3r e

�i
⇣

p1�p2
2

⌘
·r
Fs1,s2 (r)

| {z }
=: eFs1,s2

⇣
p1�p2

2

⌘

, UNeV

r?2`2 X := (x1+x2)/2- r := x1�x2- �M/ i?2 MQ`K�HBx�iBQM Q7 i?2 7Q`K 7�+iQ` eFs1,s2

�p1�p2
2

�

Bb B``2H2p�Mi 7Q` Qm` Tm`TQb2Xk3

>2`2�7i2`- r2 �bbmK2 i?2 b2T�`�#H2 7Q`K

eFs1,s2

✓
p1 � p2

2

◆
= Ss1,s2

eF
✓
p1 � p2

2

◆
UNdV

7Q` i?2 ?2�pv �M/ MQM@`2H�iBpBbiB+ [m�`Fb QQ- r?B+? ?�p2 M2;HB;B#H2 bTBM@Q`#Bi�H �M;mH�`
KQK2MimK BMi2`�+iBQMX 6m`i?2`- r2 /`QT i?2 bTBM bi`m+im`2 Ss1,s2 - r?B+? rBHH #2 +�M+2H2/ Qmi
BM i?2 `�iBQ Q7 i?2 M2mi`�H iQ +?�`;2/ `�i2b- �M/ 7Q+mb QM i?2 KQK2MimK T�`iXkN

q2 �/QTi �M �TT`QtBK�i2 7Q`K Q7 i?2 r�p2 7mM+iBQM Q7 i?2 Us@r�p2V ;`QmM/ bi�i2 mM/2`
� *QmHQK# TQi2MiB�H BM i?2 TQbBiBQM bT�+2,

F (r) =
Np
2⇡R0

e
� r

R0

r
, UN3V

r?2`2 r := |r|- i?2 T�`�K2i2` R0 /2b+`B#2b � ivTB+�H H2M;i? b+�H2 Q7 i?2 #QmM/ bi�i2 /Bb+mbb2/
#2HQr- �M/ N Bb i?2 B``2H2p�Mi MQ`K�HBx�iBQM 7�+iQ` K2MiBQM2/ �#Qp2X Aib 6Qm`B2`@i`�Mb7Q`K
Bb

eF (p) = N

Z /3r

(2⇡)3/2
e�ip·rF (r) =

N

⇡
p
R0

1

p2 + 1
R2

0

, UNNV

r?2`2 r2 mb2/
R1
0 /r sin(pr) e�

r
R0 = p

p2+ 1
R2
0

X AM i?Bb T�T2`- r2 +?QQb2 N = ⇡/R3/2
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[approximate form of 
(s-wave) ground state under 

a Coulomb potential 
(beyond “r=0” approximation)]
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In this order, 
the form factor depends on 
final-state configurations 

→ NOT factored out in RV. 

Fourier 
transform & 
normalising

Non-rel 
Approx.

(c.f., a similar introduction for Φ→2K)
[Fischbach, Overhauser, Woodahl, hep-ph/0112170]

Sec. 2 6/6

a finite form



(c.f., a similar discussion for Φ→2K)
[Fischbach, Overhauser, Woodahl, hep-ph/0112170]
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Fourier 
transform & 
normalising
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Approx.

In this order, 
the form factor depends on 
final-state configurations 

→ NOT factored out in RV. 
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Non-relativistic approximations work fine.
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Form of Gaussian wave-packet S-matrix
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“window function” 
⇒ other “T” dependence
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• √σs: spatial size of wave 
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 
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The off-shell-ness (decaying nature) 
of the initial state is taken into 

account (Weisskopf-Wigner Approx.). 
⇒ Debate on the resonant peak!

rescaling factor for decaying-Φ wavefunction
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Predictions for the Ratio
 For

Parameters:

within saddle-point 

approx.
Experimental data are available.

Overall normalisation 
does not contribute to the ratio R(ψ).

wave-packet profile
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Tin provides overall effects (NOT to the ratio).Note 2:
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Experimental data are available.
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○ Tin and Tout provide overall effects (NOT to the ratio).
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(the Ratio in terms of transition probability)

Non-relativistic approximations work fine.

[Reminder]



Predictions for the Ratio
 For
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Experimental data are available. wave-packet profile
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◦ Parton-level (factored form factor) 
   deviated from PDG (as reported).in a small wave packet

Sec. 3 2/6

(bulk+boundary+interference)
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◦ Parton-level (factored form factor) 
   deviated from PDG (as reported).

◦ The improved form factor 
provides the compositeness well. 
⇒ good fits!

Predictions for the Ratio

in a small wave packet
Experimental data are available. wave-packet profile
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◦ Parton-level (factored form factor) 
   deviated from PDG (as reported).

◦Wave-packet calculations explain 
the PDG result.

Predictions for the Ratio

in a small wave packet
Experimental data are available. wave-packet profile
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(bulk+boundary+interference)

◦ The improved form factor 
provides the compositeness well. 
⇒ good fits!
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PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)

WP-bulk

Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 0.01 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

(bulk+boundary+interference)

◦ R0 ~ O(10-2) MeV-1 ~ (QCD scale)-1 
is a reasonable choice.

Predictions for the Ratio

in a small wave packet
Experimental data are available. wave-packet profile
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6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)

WP-bulk

Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 0.01 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Parton-level (factored form factor) 
   deviated from PDG (as reported).

◦Wave-packet calculations explain 
the PDG result.

◦ The improved form factor 
provides the compositeness well. 
⇒ good fits!



 For

Parameters:
<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)
Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 1 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Bulk-only wave-packet result 
is far away from PDG 
(outside the shown region), 

    also does not make sense. 
    ⇒ Boundary part should be taken.

Predictions for the Ratio

in a large wave packet
Experimental data are available. wave-packet profile
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(bulk+boundary+interference)



 For

Parameters:
<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)
Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 1 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Bulk-only wave-packet result 
is far away from PDG 
(outside the shown region), 

    also does not make sense. 
    ⇒ Boundary part should be taken.

◦ R0 for explaining PDG is similar 
   for smaller and bigger wave packets.

Predictions for the Ratio

in a large wave packet
Experimental data are available. wave-packet profile
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(bulk+boundary+interference)



Predictions for the Ratio

PDG(±1�)
Plane-Wave parton-level(±1�)

Wave-Packet (full)

Plane-Wave (rel)

Plane-Wave
(Non-rel)

0.01 0.02 0.03 0.04 0.05
0.8

1.0

1.2

1.4

1.6

R0 [MeV-1 ]

R
�

(�K)1/2 = 1 [MeV-1]

PDG(±1�)
Plane-Wave parton-level(±1�)

Wave-Packet (full)

Plane-Wave (rel)

Plane-Wave
(Non-rel)

0.01 0.02 0.03 0.04 0.05
0.8

1.0

1.2

1.4

1.6

R0 [MeV-1 ]

R
�

(�K)1/2 = 0.1 [MeV-1]

6B;m`2 N, h?2 TH�M2@r�p2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb
/`�rM �b � 7mM+iBQM Q7 R0- r?2`2 i?2 +�TiBQMb ǳ`2HǴ �M/ ǳLQM@`2HǴ K2�M i?2 `2H�iBpBbiB+ �M/
MQM@`2H�iBpBbiB+ `2bmHib b?QrM BM 1[bX UeRV �M/ UejV- `2bT2+iBp2HvX 6Q` +QKT�`BbQM- r2 �HbQ
b?Qr i?2 r�p2@T�+F2i `2bmHib 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 p�K = 1J2o�1

UH27i T�M2HV �M/ p
�K = 0.1J2o�1 U`B;?i T�M2HVX AM #Qi? T�M2Hb- i?2 TH�M2@r�p2 `2bmHib �`2

i?2 b�K2 bBM+2 i?2v �`2 BM/2T2M/2Mi Q7 �K X h?2 2tT2`BK2Mi�H `2bmHi- b?QrM BM 1[X UkV- Bb
T`QpB/2/ #v S.: (R)X

6Q` �MQi?2` +QKT�`BbQM- r2 rBHH �HbQ b?Qr �M�Hvb2b mbBM; Bib MQM@`2H�iBpBbiB+ �TT`QtBK�i2/
7Q`K,

RTH�M2
V ) RTH�M2- MQM@`2H

V :=
m1/2

P+ (mV � 2mP+)3/2

m1/2
P 0 (mV � 2mP 0)3/2

�������

⇣
R0mP0 |V1�V2|P0

2

⌘2
+ 1

⇣
R0mP+ |V1�V2|P+

2

⌘2
+ 1

�������

2

, UejV

rBi?

|V1 � V2|P+ ⇡ 2 (mV � 2mP+)1/2

m1/2
P+

, |V1 � V2|P 0 ⇡ 2 (mV � 2mP 0)1/2

m1/2
P 0

, Ue9V

r?2`2 ǳ)Ǵ `2T`2b2Mib i?2 QT2`�iBQM Q7 i�FBM; i?2 MQM@`2H�iBpBbiB+ �TT`QtBK�iBQM �M/ ⇡ /2@
MQi2b 2[m�HBiv mM/2` i?2 MQM@`2H�iBpBbiB+ �TT`QtBK�iBQMX h?2 +QMi`B#miBQMb 7`QK i?2 7Q`K
7�+iQ` �`2 MQi +�M+2H2/ Qmi BM RTH�M2

V XkR LQi2 i?�i i?2 `�iBQ UejV +�M #2 Q#i�BM2/ 7`QK i?2
r�p2@T�+F2i +QmMi2`T�`i #v i�FBM; i?2 HBKBib �V ! 0 �M/ �P ! 1 BM �V PV!PP c b22 �T@
T2M/Bt . 7Q` /2i�BHbX

9X9 SH�M2@r�p2 `2bmHib
q2 T`QpB/2 +QKK2Mib QM i?2 TH�M2@r�p2 `2bmHib b?QrM BM 6B;bX N- Ry- �M/ RR #2HQr,

Ç 6Q` �HH Q7 i?2 p2+iQ` K2bQMb- �-  - �M/ ⌥- i?2 T�`iQM@H2p2H `�iBQb U9V UmM/2` i?2 BbQbTBM@
bvKK2i`B+ HBKBi 7Q` i?2 +QmTHBM;b-kk rBi?Qmi i�FBM; BMiQ �++QmMi i?2 7Q`K 7�+iQ`V �`2
/Bb7�pQ`2/ rBi? i?2 S.:Ƕb +2Mi`�H p�Hm2b �i i?2 H2p2H Q7 2.1�- 9.5�- �M/ 0.32�- `2bT2+@
iBp2HvX

kR� bBKBH�` 7�+iQ` Bb i�F2M BMiQ �++QmMi BM _27X (j) �b � Tm`2Hv T?2MQK2MQHQ;B+�H +miQz 7�+iQ` Q7 � /Bp2`;2Mi
BMi2;`�H rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKX

kk>2`2- r2 �`2 �bbmKBM; i?2 BbQbTBM@bvKK2i`B+ HBKBi BM i?2 b2Mb2 Q7 1[X U3V 7Q` #Qi? i?2 r�p2@T�+F2i �M/
TH�M2@r�p2 +�H+mH�iBQMbX

kR

6B;m`2 Ry, h?2 TH�M2@r�p2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ  ! D0D0 Bb
/`�rM �b � 7mM+iBQM Q7 R0X 6Q` +QKT�`BbQM- r2 �HbQ b?Qr i?2 r�p2@T�+F2i `2bmHib 7Q` irQ }t2/
r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 p�D = 1J2o�1 UH27i T�M2HV �M/ p

�D = 0.01J2o�1

U`B;?i T�M2HVX h?2 Qi?2` +QMp2MiBQMb �`2 i?2 b�K2 �b BM 6B;X NX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet (full)

Plane-Wave (rel)Plane-Wave
(Non-rel)

0.01 0.02 0.03 0.04 0.05
0.96

0.98

1.00

1.02

1.04

1.06

1.08

1.10

R0 [MeV-1 ]

R
�

(�B)1/2 = 1 [MeV-1]

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet (full)

Plane-Wave (rel)Plane-Wave
(Non-rel)

0.01 0.02 0.03 0.04 0.05
0.96

0.98

1.00

1.02

1.04

1.06

1.08

1.10

R0 [MeV-1 ]

R
�

(�B)1/2 = 0.01 [MeV-1]

6B;m`2 RR, h?2 TH�M2@r�p2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 ⌥ ! B+B� iQ ⌥ ! B0B0 Bb
/`�rM �b � 7mM+iBQM Q7 R0X 6Q` +QKT�`BbQM- r2 �HbQ b?Qr i?2 r�p2@T�+F2i `2bmHib 7Q` irQ }t2/
r�p2@T�+F2i bBx2b Q7 i?2 "@K2bQMb Q7 p

�B = 1J2o�1 UH27i T�M2HV �M/ p
�B = 0.01J2o�1

U`B;?i T�M2HVX h?2 Qi?2` +QMp2MiBQMb �`2 i?2 b�K2 �b BM 6B;X NX

kk

Kaon and B-meson Cases also work fine.

 For Kaons:

 For B-mesons:
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6B;m`2 Rk, h?2 }ii2/ `2bQM�M+2 /Bbi`B#miBQMb Q7 � BM e�e+ ! � ! K+K� �`2 /`�rM 7Q`
i?2 irQ b2ib Q7 i?2 }t2/ T�`�K2i2`b p

�K = 10J2o�1 �M/ R0 = 0.0015J2o�1 (G27i T�M2H)
�M/ p

�K = 10J2o�1 �M/ R0 = 0.01J2o�1 (_B;?i T�M2H)- r?2`2 i?2 K�bb Q7 � �M/ i?2
MQ`K�HBx�iBQM 7�+iQ` Ne�e+!� �`2 /2i2`KBM2/ i?`Qm;? Qm` bi�iBbiB+�H �M�HvbBb #�b2/ QM i?2
�2 7mM+iBQM /2}M2/ BM 1[X Ud3VX h?2 #2bi@}i T�`�K2i2`b �M/ i?2 �2 7mM+iBQMb 7Q` i?2 H27if`B;?i
T�M2H �`2 b?QrM BM 1[bX UdNV �M/ U3yV f BM 1[bX U3RV �M/ U3kV- `2bT2+iBp2Hv- 7Q` i?2 r�p2@T�+F2i
UqSV �M/ TH�M2@r�p2 rBi?QmifrBi? 7Q`K 7�+iQ` U"qf"q rBi? 66VX

Ç 7Q` p
�K = 10J2o�1 �M/ R0 = 0.0015J2o�1 (G27i T�M2H Q7 6B;X Rk),

mqS
�

��
#2bi@}i = 1019.8J2o, NqS

e�e+!�

���
#2bi@}i

= 6.23⇥ 105 J2o�1,

mSq@S�`iQM
�

��
#2bi@}i = 1019.4J2o, NSq@S�`iQM

e�e+!�

���
#2bi@}i

= 1.50⇥ 104 J2o�1,

mSq@66
�

��
#2bi@}i = 1019.4J2o, NSq@66

e�e+!�

���
#2bi@}i

= 1.62⇥ 104 J2o�1, UdNV

�2
�,qS

(.P6b)

�����
#2bi@}i

' 5.5,
�2
�,Sq@S�`iQM
(.P6b)

�����
#2bi@}i

' 6.3,
�2
�,Sq@66
(.P6b)

�����
#2bi@}i

' 6.7, U3yV

Ç 7Q` p
�K = 10J2o�1 �M/ R0 = 0.01J2o�1 (_B;?i T�M2H Q7 6B;X Rk),

mqS
�

��
#2bi@}i = 1019.9J2o, NqS

e�e+!�

���
#2bi@}i

= 3.94⇥ 106 J2o�1,

mSq@S�`iQM
�

��
#2bi@}i = 1019.4J2o, NSq@S�`iQM

e�e+!�

���
#2bi@}i

= 1.51⇥ 104 J2o�1,

mSq@66
�

��
#2bi@}i = 1019.6J2o, NSq@66

e�e+!�

���
#2bi@}i

= 1.03⇥ 105 J2o�1, U3RV

�2
�,qS

(.P6b)

�����
#2bi@}i

' 14,
�2
�,Sq@S�`iQM
(.P6b)

�����
#2bi@}i

' 6.3,
�2
�,Sq@66
(.P6b)

�����
#2bi@}i

' 14. U3kV

q2 +QKK2Mi QM i?2 /Bz2`2M+2 #2ir22M i?2 TH�M2@r�p2 `2bQM�Mi b?�T2b rBi? �M/ rBi?Qmi i?2
7Q`K 7�+iQ`X qBi?Qmi i?2 7�+iQ`- i?2 b?�T2 Q#2vb i?2 "`2BiĜqB;M2` /Bbi`B#miBQM UdjV �M/ Bb
bvKK2i`B+ mM/2` i?2 `2~2+iBQM �`QmM/ i?2 T2�F UM = m�V- r?BH2 i�FBM; BMiQ �++QmMi Bi- i?2

kd

Constraint via Resonant shape
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6B;m`2 Rj, q2 THQi i?2 p�`B�#H2 �2
�/(.P6b)

���
KBM

/2}M2/ BM 1[X U3jV iQ +QKT�`2 i?2 bB;MB}@
+�M+2 Q7 i?2 r�p2@T�+F2i +�H+mH�iBQM rBi? i?2 TH�M2@r�p2 QM2 7Q` p�`BQmb p

�K X >2`2- R0 Bb
}t2/ �b 0.0015J2o�1 �M/ 7Q` 2�+? p

�K - m� �M/ Ne�e+!� �`2 /2i2`KBM2/ iQ UHQ+�HHvV KBMB@
KBx2 i?2 +Q``2bTQM/BM; �2 7mM+iBQM BM 1[X Ud3VX h?2 #H�+F +m`p2 �M/ #Hm2 /�b?2/ ?Q`BxQMi�H
HBM2 /2b+`B#2 i?2 p�Hm2b BM i?2 r�p2@T�+F2i �M/ TH�M2@r�p2 +�H+mH�iBQMb rBi?Qmi 7Q`K 7�+iQ`-
r?2`2 i?2 H�ii2` Bb K�MB72biHv BM/2T2M/2Mi Q7 p�K X

`2bQM�Mi b?�T2 #2+QK2b �bvKK2i`B+ mM/2` i?2 `2~2+iBQM �`QmM/ i?2 T2�FX h?2 K�;MBim/2 Q7
i?2 �bvKK2i`v Bb ;Qp2`M2/ #v i?2 T�`i R2

0

�
M2 � 4m2

K+

�
Q7 i?2 7Q`K 7�+iQ`X aQ- 7Q` � ;`2�i2`

R0- � KQ`2 bB;MB}+�Mi �bvKK2i`v rBHH #2 `2�HBx2/- �b Q#b2`p2/ BM 6B;X RkX
>2`2- r2 +QKK2Mi QM i?2 Q`B;BM Q7 i?2 ǳQp2`@5�Ǵ p�Hm2b Q7 �2/(.P6b), i?Bb Bb #2+�mb2 i?2

`2bQHmiBQM Q7 i?2 2tT2`BK2Mi�H `2bmHib M2�` i?2 T2�F Bb p2`v ?B;?- �M/ i?2 +m``2Mi bBKTH2 b+?2K2
7Q` �e�e+!V!PP BM 1[bX Ud8V- UdeV �M/ UddV Bb MQi 2MQm;? 7Q` /Bb+mbbBM; bi�iBbiB+�H bB;MB}+�M+2
T`2+Bb2HvX PM i?2 Qi?2` ?�M/- ?Qr2p2`- r2 �`2 �#H2 iQ /Bb+mbb i?2 `2H�iBp2 bB;MB}+�M+2 #2ir22M
i?2 r�p2@T�+F2i �M/ TH�M2@r�p2 `2bmHibX �++Q`/BM; iQ 1[X U3yV- i?2 b?�T2 Q7 i?2 r�p2@T�+F2i
`2bQM�Mi /Bbi`B#miBQM Bb �i H2�bi �b ;QQ/ �b i?�i Q7 i?2 TH�M2@r�p2 `2bQM�Mi /Bbi`B#miBQM �i i?2
7Q+mb2/ T�`�K2i2` TQBMi- r?2`2 r2 +QM+Hm/2 i?�i i?2 r�p2@T�+F2i `2bmHi �i i?2 }`bi T�`�K2i2`
TQBMi U7Q` i?2 H27i T�M2H Q7 6B;X RkV Bb +QMbBbi2Mi rBi? i?2 2tT2`BK2MiX LQi2 i?�i �i i?2 }`bi
T�`�K2i2` TQBMi- R0 Bb i�F2M �b � ivTB+�H p�Hm2 BM i?2 +m``2Mi b+?2K2 Q7 i?2 7Q`K 7�+iQ` Ub22
�TT2M/Bt �V- �M/ � r�p2 T�+F2i rBi? � ;`2�i2` bBx2 HQQFb bBKBH�` iQ i?2 TH�M2 r�p2X

q2 �HbQ b22 i?2 bB;MB}+�M+2 Q7 i?2 r�p2@T�+F2i `2bmHib Qp2` � #`Q�/ `�M;2 Q7 p�K mM/2`
R0 = 0.0015J2o�1X AM 6B;X Rj- r2 THQi i?2 ǳKBMBKBx2/Ǵ �2/(.P6b) /2}M2/ #v

�2
�,qSfSq@S�`iQM

(.P6b)

�����
KBM

:= min
m�, NqSfSq@S�`iQM

e�e+!�

"
�2
�,qSfSq@S�`iQM

(.P6b)

#
, U3jV

r?B+? K2�bm`2b i?2 bi�iBbiB+�H bB;MB}+�M+2 7Q` p
�K X q2 /Q MQi +QMbB/2` i?2 Sq@66 +�b2

bBM+2 MQ bBx�#H2 /Bz2`2M+2 Bb ;2M2`�i2/ r?2M R0 = 0.0015J2o�1- �b b?QrM BM i?2 H27i T�M2H
Q7 6B;X Rk- �M/ i?2 7Q`K@7�+iQ` T�`i /Q2b MQi /2T2M/ QM p

�K X lM/2` i?2 bBKTH2 ;mB/2HBM2
i?�i � r�p2@T�+F2i `2bmHi Bb �i H2�bi �b ;QQ/ �b i?2 Q`/BM�`v TH�M2@r�p2 QM2- 7`QK 6B;X Rj- r2
+�M Tmi i?2 HQr2` #QmM/ QM p

�K �b
p
�K & 3J2o�1 U39V

7Q` R0 = 0.0015J2o�1X

k3
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e�e+ ! � ! K+K�

K K

Note: σ(e-e+→Φ) and mΦ are 
determined by statistical fits.
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Constraint via Resonant shape
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6B;m`2 R9, h?2 }ii2/ `2bQM�M+2 /Bbi`B#miBQMb Q7 � BM e�e+ !  ! 2D �`2 /`�rM 7Q` i?2 }t2/
T�`�K2i2`b p�D = 1J2o�1 �M/ R0 = 0.0015J2o�1 U7Q` i?2 H27i T�M2HV- �M/ p

�D = 1J2o�1

�M/ R0 = 0.01J2o�1 U7Q` i?2 `B;?i T�M2HV- r?2`2 i?2 K�bb Q7  �M/ i?2 MQ`K�HBx�iBQM 7�+iQ`
Ne�e+! �`2 /2i2`KBM2/ i?`Qm;? Qm` bi�iBbiB+�H �M�HvbBb #�b2/ QM i?2 �2 7mM+iBQM /2}M2/ BM
1[X U3NVX h?2 #2bi@}i T�`�K2i2`b �M/ i?2 �2 7mM+iBQMb 7Q` i?2 H27if`B;?i T�M2H �`2 b?QrM BM
1[bX UNyV �M/ UNRV f BM 1[bX UNkV �M/ UNjV- `2bT2+iBp2HvX h?2 Qi?2` +QMp2MiBQMb �`2 i?2 b�K2
�b i?Qb2 Q7 6B;X RkX

h?2 �2 7mM+iBQMb �`2 /2}M2/ �b

�2
 ,qS :=

X

A, "�"�`- "2HH2- "1a- *G1P

X

iA

⇣
�qS
iA

� �2tT-A
iA

⌘2

⇣
��2tT-A

iA

⌘2 ,

�2
 ,Sq@S�`iQM :=

X

A, "�"�`- "2HH2- "1a- *G1P

X

iA

⇣
�Sq@S�`iQM
iA

� �2tT-A
iA

⌘2

⇣
��2tT-A

iA

⌘2 ,

�2
 ,Sq@66 :=

X

A, "�"�`- "2HH2- "1a- *G1P

X

iA

⇣
�Sq@66
iA

� �2tT-A
iA

⌘2

⇣
��2tT-A

iA

⌘2 , U3NV

r?2`2 �2tT-A
iA

�M/ ��2tT-A
iA

�`2 i?2 +2Mi`�H �M/ 2``Q` Q7 i?2 2tT2`BK2Mi�HHv@/2i2`KBM2/ +`Qbb
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6B;m`2 R8, q2 THQi i?2 p�`B�#H2 �2
 /(.P6b)

���
KBM

/2}M2/ BM 1[X UN9V iQ +QKT�`2 i?2 bB;MB}@
+�M+2 Q7 i?2 r�p2@T�+F2i +�H+mH�iBQM rBi? i?2 TH�M2@r�p2 QM2 7Q` p�`BQmb p

�DX >2`2- R0 Bb
}t2/ �b 0.0015J2o�1 �M/ 7Q` 2�+? p

�D- m �M/ Ne�e+! �`2 /2i2`KBM2/ iQ UHQ+�HHvV KBM@
BKBx2 i?2 +Q``2bTQM/BM; �2 7mM+iBQM BM 1[X U3NVX h?2 #H�+F +m`p2 �M/ #Hm2 /�b?2/ ?Q`BxQMi�H
HBM2 /2b+`B#2 i?2 p�Hm2b BM i?2 r�p2@T�+F2i �M/ TH�M2@r�p2 +�H+mH�iBQMb- r?2`2 i?2 H�ii2` Bb
K�MB72biHv BM/2T2M/2Mi Q7 p�DX

e amKK�`v �M/ /Bb+mbbBQM
AM i?Bb T�T2`- r2 ?�p2 /Bb+mbb2/ i?2 HQM;@bi�M/BM; �MQK�Hv BM i?2 `�iBQ Q7 i?2 /2+�v `�i2b
Q7 i?2 p2+iQ` K2bQMb � �M/  - M�K2Hv- R� = �(�! K+K�) /�

�
�! K0

GK
0
a
�

�M/ R =

�( ! D+D�) /�
�
 ! D0D0

�
- r?2`2 i?2 bi`QM; BMi2`�+iBQM +�mb2b i?2 /2+�v +?�MM2Hb- �M/

i?2v K2�bm`2 BbQbTBM #`2�FBM;bX A7 r2 2biBK�i2 i?2B` i?2Q`2iB+�H p�Hm2b BM i?2 TH�M2@r�p2
7Q`K�HBbK rBi?Qmi +QMbB/2`BM; i?2 2z2+ib Q`B;BM�iBM; 7`QK i?2 +QKTQbBi2 M�im`2 Q7 i?2 BMBiB�H@
bi�i2 p2+iQ` K2bQMb- i?2v �`2 /Bb7�pQ`2/ rBi? i?2 S.:Ƕb +2Mi`�H p�Hm2b �i i?2 H2p2H Q7 2.1�
�M/ 9.5�X AM T�`iB+mH�`- i?2`2 ?�/ #22M MQ 2tTH�M�iBQM 7Q` i?2 H�ii2` NX8� �MQK�Hv bQ 7�`X

h?2 /2+�v +?�MM2Hb i?�i r2 7Q+mb QM �`2 M2�` i?2 K�bb i?`2b?QH/b- r?2`2 i?2 p2HQ+BiB2b
BM i?2 }M�H bi�i2 �`2 bK�HH- �M/ ?2M+2 i?2 HQ+�HBx�iBQM Q7 i?2 Qp2`H�T Q7 i?2 r�p2 T�+F2ib Bb
KQ`2 bB;MB}+�MiX >2`2- r2 7mHHv i�F2 BMiQ �++QmMi bm+? 2z2+ib BM i?2 :�mbbB�M@r�p2@T�+F2i
7Q`K�HBbKX q2 +�`27mHHv +H�`B}2/ i?2 T`QT2`iB2b Q7 QM2@iQ@irQ@#Q/v MQM@`2H�iBpBbiB+ [m�MimK
i`�MbBiBQMb #2ir22M MQ`K�HBx�#H2 T?vbB+�H bi�i2b /2b+`B#2/ #v :�mbbB�M r�p2 T�+F2ib mM/2`
i?2 T`2b2M+2 Q7 i?2 /2+�vBM; M�im`2 Q7 i?2 BMBiB�H bi�i2- r?B+? Bb � 7mHH@~2/;2/ +�H+mH�iBQM
i�FBM; BMiQ �++QmMi i?2 2bb2M+2b i?�i �`2 KBbbBM; BM i?2 TH�M2@r�p2 +�H+mH�iBQMbX

h?2 `2bmHi b?Qrb �;`22K2Mi rBi? i?2 S.:Ƕb +QK#BM2/ `2bmHib rBi?BM ⇠ 1� +QM}/2M+2
H2p2HX q2 +QM+Hm/2 i?�i i?2 HQM;@bi�M/BM; �MQK�HB2b BM R� �M/ R �`2 `2bQHp2/X

AM i?2 +�H+mH�iBQM- i?2 �#Qp2@K2MiBQM2/ +QKTQbBi2M2bb ?�b #22M /2b+`B#2/ #v i?2 7Q`K
7�+iQ`X h?2 �;`22K2Mi Bb �+?B2p2/ r?2M r2 �TT`QT`B�i2Hv i�F2 i?2 7Q`K@7�+iQ` T�`�K2i2` �i
�`QmM/ i?2 T?vbB+�HHv `2�bQM�#H2 p�Hm2 R0 ⇠ (500J2o)�1X

q2 �HbQ �M�Hvx2/ �M/ K�/2 � +QKK2Mi QM i?2 bb@p2+iQ`@K2bQM +QmMi2`T�`i ⌥- M�K2Hv
R⌥ = �(⌥ ! B+B�) /�

�
⌥ ! B0B0

�
- r?2`2 i?2 TH�M2@r�p2 +�H+mH�iBQM rBi?Qmi +QMbB/2`BM;

i?2 �#Qp2@K2MiBQM2/ +QKTQbBi2 M�im`2 �H`2�/v �;`22b �i i?2 0.32� H2p2H rBi? i?2 +Q``2@
bTQM/BM; S.: `2bmHi /m2 iQ i?2 bK�HHM2bb Q7 i?2 K�bb /Bz2`2M+2 #2ir22M B± �M/ B0X h?2
r�p2@T�+F2i `2bmHi �;`22b r2HH rBi? i?2 S.: `2bmHi �`QmM/ i?2 b�K2 p�Hm2 Q7 R0X

q2 K2MiBQM i?�i i?2 b�K2 7Q`K 7�+iQ`b +�M #2 7Q`K�HHv KmHiBTHB2/ QM i?2 `�iBQ Q7 i?2

jk

Note: σ(e-e+→ψ) and mψ are 
determined by statistical fits.
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uncertainty is determined by adding all the contributions
in quadrature and is 1.6%.

In summary, we have presented the first amplitude
analysis and BF measurement of the hadronic decay
D+

s ! K0
SK

0
L⇡

+ using 7.33 fb�1 of e+e� annihilation
data taken at CM energies between 4.128 and 4.226 GeV.
The amplitude analysis results are listed in Table I.
With a detection e�ciency obtained based on the am-
plitude analysis model, we obtain B(D+

s ! K0
SK

0
L⇡

+) =
(1.86±0.06stat±0.03syst)%. The BFs of intermediate pro-
cesses are calculated via Bi = FFi ⇥B(D+

s ! K0
SK

0
L⇡

+)
and B(D+

s ! �⇡+,� ! K0
SK

0
L) is determined to be

(1.32 ± 0.05stat. ± 0.04syst.)%. With the PDG value of
B(D+

s ! �⇡+,� ! K+K�) = (2.21 ± 0.06)% [12],
we determine a relative BF between � ! K0

SK
0
L and

� ! K+K� to be R�=(0.597 ± 0.023stat ± 0.018syst ±
0.016PDG), where the third error is due to the uncertainty
of the PDG value of B(D+

s ! �⇡+,� ! K+K�) [12].
The obtained R� is consistent with theoretical expecta-
tions as reported in Ref.[8]. However, it is (1.0 � 2.8)�
below all previous measurements, see Fig. 4, and deviates
from the PDG average (PDG fit) by 3.2� (2.6�). Note
that the earlier measurement of B(� ! ⇡+⇡�⇡0)/B(� !
K+K�) by BESIII[23] also significantly deviates from
the PDG values that were obtained in e+e� annihilation
and K � p scattering experiments. To further explore
the reasons behind these di↵erences and to understand
the underlying mechanisms that influence the BFs of �
meson decays, more precise measurements are needed in
the future.

φR
0 0.5 1

This paper 0.033±0.597

PDG fit [13] 0.014±0.690

PDG average [13] 0.031±0.740

CMD3 2008 [19] 0.022±0.638

CMD2 1995 [18] 0.03±0.68

OLYA 1978 [14] 0.06±0.70

HBC 1978 [17] 0.08±0.82

HBC 1977 [16] 0.05±0.71

HBC 1972 [15] 0.10±0.89

DUBNICKA [12] 0.017±0.644

BENAYOUN [11] 0.71

FISCHBACH [10] 0.68

BRAMON [8] 0.62

FIG. 4. Comparison of the results for R� measured in this
analysis and the HBC, OLYA, CMD2, and CMD3 experi-
ments. Above the dotted line are the theoretical calculations,
below are the experimental results. The green band present
the total uncertainty obtained in this work.

In addition, the K0
S � K0

L asymmetry
in D+

s ! K̄0K⇤+ is determined to be
B(D+

s !K0
SK⇤(892)+)�B(D+

s !K0
LK⇤(892)+)

B(D+
s !K0

SK⇤(892)+)+B(D+
s !K0

LK⇤(892)+)
= (�13.4 ±

5.0stat ± 3.4syst)%. The predicted K0
S �K0

L asymmetries
from di↵erent approaches, as well as the measured value,
are summarized in Table II. This is the first observation
of the K0

S � K0
L asymmetry in the D ! K0

S,L + Vector
system of charmed meson decays.
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Figure 9: The plane-wave ratio comparing the decay rates of � ! K+K� to � ! K0K0 is
drawn as a function of R0, where the captions “rel” and “Non-rel” mean the relativistic and
non-relativistic results shown in Eqs. (61) and (63), respectively. For comparison, we also
show the wave-packet results for two fixed wave-packet sizes of the Kaons of

p
�K = 1MeV�1

(left panel) and
p
�K = 0.1MeV�1 (right panel). In both panels, the plane-wave results are

the same since they are independent of �K . The experimental result, shown in Eq. (2), is
provided by the PDG [1].

For another comparison, we will also show analyses using its non-relativistic approximated
form:
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with

|V1 � V2|P+ ⇡ 2 (mV � 2mP+)1/2

m1/2
P+

, |V1 � V2|P 0 ⇡ 2 (mV � 2mP 0)1/2

m1/2
P 0

, (64)

where “)” represents the operation of taking the non-relativistic approximation and ⇡ de-
notes equality under the non-relativistic approximation. The contributions from the form
factor are not canceled out in Rplane

V .21 Note that the ratio (63) can be obtained from the
wave-packet counterpart by taking the limits �V ! 0 and �P ! 1 in �V PV!PP ; see Ap-
pendix D for details.

4.4 Plane-wave results

We provide comments on the plane-wave results shown in Figs. 9, 10, and 11 below:

• For all of the vector mesons, �,  , and ⌥, the parton-level ratios (4) (under the isospin-
symmetric limit for the couplings,22 without taking into account the form factor) are
disfavored with the PDG’s central values at the level of 2.1�, 9.5�, and 0.32�, respec-
tively.

21A similar factor is taken into account in Ref. [3] as a purely phenomenological cuto↵ factor of a divergent
integral within the plane-wave formalism.

22Here, we are assuming the isospin-symmetric limit in the sense of Eq. (8) for both the wave-packet and
plane-wave calculations.
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Summary & Discussion
1. The S-matrix in Gaussian wave packet contains full information of 

  the quantum particles. ➜ More informative & regularised. 

2. Characterising S-matrix, in particular, “bulk” and “boundary”. 

3.
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Considering the form factor 
appropriately, ➜ R0 around the QCD 
scale gives us good fits. 

Can we distinguish the “wave-packet” 
correction from the plane-wave part 
(in this variable or others)? 
➜ Further discussion is necessary.
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Thank you!

Considering the form factor 
appropriately, ➜ R0 around the QCD 
scale gives us good fits. 

Can we distinguish the “wave-packet” 
correction from the plane-wave part 
(in this variable or others)? 
➜ Further discussion is necessary.
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Form of Gaussian wave-packet S-matrix
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form factor for the vector quarkonium

○

q2 +QMbB/2` i?2 7QHHQrBM; K�i`Bt 2H2K2Mi

⌦
Q (p1, s1)Q (p2, s2)

��V (QQ),P
↵
=

Z
/3x1 /3x2 e

iP ·x1+x2
2 Fs1,s2(x1 � x2)

✓
1p
2⇡

◆6

e�ip1·x1�ix2·p2

=

Z
/3X /3r e

i(P�p1�p2)·X�i
⇣

p1�p2
2

⌘
·r 1

(2⇡)3
Fs1,s2(r)

= �3(P � p1 � p2)

Z
/3r e

�i
⇣

p1�p2
2

⌘
·r
Fs1,s2 (r)

| {z }
=: eFs1,s2

⇣
p1�p2

2

⌘

, UNeV

r?2`2 X := (x1+x2)/2- r := x1�x2- �M/ i?2 MQ`K�HBx�iBQM Q7 i?2 7Q`K 7�+iQ` eFs1,s2

�p1�p2
2

�

Bb B``2H2p�Mi 7Q` Qm` Tm`TQb2Xk3

>2`2�7i2`- r2 �bbmK2 i?2 b2T�`�#H2 7Q`K

eFs1,s2

✓
p1 � p2

2

◆
= Ss1,s2

eF
✓
p1 � p2

2

◆
UNdV

7Q` i?2 ?2�pv �M/ MQM@`2H�iBpBbiB+ [m�`Fb QQ- r?B+? ?�p2 M2;HB;B#H2 bTBM@Q`#Bi�H �M;mH�`
KQK2MimK BMi2`�+iBQMX 6m`i?2`- r2 /`QT i?2 bTBM bi`m+im`2 Ss1,s2 - r?B+? rBHH #2 +�M+2H2/ Qmi
BM i?2 `�iBQ Q7 i?2 M2mi`�H iQ +?�`;2/ `�i2b- �M/ 7Q+mb QM i?2 KQK2MimK T�`iXkN

q2 �/QTi �M �TT`QtBK�i2 7Q`K Q7 i?2 r�p2 7mM+iBQM Q7 i?2 Us@r�p2V ;`QmM/ bi�i2 mM/2`
� *QmHQK# TQi2MiB�H BM i?2 TQbBiBQM bT�+2,

F (r) =
Np
2⇡R0

e
� r

R0

r
, UN3V

r?2`2 r := |r|- i?2 T�`�K2i2` R0 /2b+`B#2b � ivTB+�H H2M;i? b+�H2 Q7 i?2 #QmM/ bi�i2 /Bb+mbb2/
#2HQr- �M/ N Bb i?2 B``2H2p�Mi MQ`K�HBx�iBQM 7�+iQ` K2MiBQM2/ �#Qp2X Aib 6Qm`B2`@i`�Mb7Q`K
Bb

eF (p) = N

Z /3r

(2⇡)3/2
e�ip·rF (r) =

N

⇡
p
R0

1

p2 + 1
R2

0

, UNNV

r?2`2 r2 mb2/
R1
0 /r sin(pr) e�

r
R0 = p

p2+ 1
R2
0

X AM i?Bb T�T2`- r2 +?QQb2 N = ⇡/R3/2
0 bm+? i?�i

eF (0) = 1,

eF (p) =
1

R2
0

1

p2 + 1
R2

0

. URyyV

h?Bb 7Q`K Bb �HbQ BMi`Q/m+2/ BM _27X (j) iQ +mi Qz � lo /Bp2`;2M+2 BM i?2 TH�M2@r�p2 +QKTm@
i�iBQMX h?2 i`2�iK2Mi BM _27bX (9- 8) Bb 2[mBp�H2Mi iQ i�FBM; i?Bb 7Q`K 7�+iQ` iQ #2 mMBivX

k3q?�i Bb `2H2p�Mi Bb QMHv i?2 T`Q/m+i Q7 i?2 MQ`K�HBx�iBQM Q7 i?2 2z2+iBp2 +QmTHBM; �M/ i?�i Q7 i?2 7Q`K
7�+iQ`X am+? � MQ`K�HBx�iBQM 7�+iQ` rBHH #2 /`QTT2/ Qmi Q7 i?2 }M�H `�iBQ Q7 i?2 /2+�v T`Q#�#BHBiB2b mM/2` i?2
BbQbTBM@bvKK2i`B+ HBKBi U3VX

kN*QM+`2i2Hv- i?2 Q`#Bi�H �M/ iQi�H �M;mH�` KQK2Mi� `J Bb S1 U` = 1V- D1 U` = 2V- �M/ S1 7Q` �(1020)-
 (3770) �M/ ⌥(4S)- `2bT2+iBp2Hvc b22 2X;X ǳZm�`F JQ/2HǴ b2+iBQM BM _27X (R)X

j9

[approximate form of 
(s-wave) ground state under 

a Coulomb potential 
(beyond “r=0” approximation)]

>2`2- � p2+iQ` K2bQM V
�
QQ

�
/2+�vb BMiQ irQ HB;?i Tb2m/Q@b+�H�` K2bQMb P (Qq) �M/

P
�
qQ

�
X q2 �TT`QtBK�i2 i?2 K�bb �M/ KQK2MimK 7Q` 2�+? Tbm2/Qb+�H�` P UP V #v i?Qb2 Q7

i?2 +QMbiBim2Mi [m�`F Q UQV, mP ' mQ �M/ pP ' p1 UpP ' p2V- `2bT2+iBp2HvX AM i?Bb T�T2`-
r2 7Q+mb QM i?2 bBim�iBQM r?2`2 i?2 K�bb2b Q7 i?2 irQ Tb2m/Q@b+�H�` K2bQMb �`2 �HKQbi i?2
b�K2 U/m2 iQ i?2 �TT`QtBK�i2/ ~�pQ`@BbQbTBM SU(2) bvKK2i`vV- �M/ i?2 K�bb `2H�iBQM Bb M2�`
i?2 /2+�v i?`2b?QH/-

mV ⇡ 2mP . URyRV

h?2`27Q`2- r2 +�M i`2�i i?2 T`Q+2bb �b � MQM@`2H�iBpBbiB+ QM2- �M/ i?mb- r2 +QM+Hm/2 i?�i

p1 � p2 ⇡ mP (V1 � V2) , URykV

i?2`2#v-

eF
✓
p1 � p2

2

◆
=

1
⇣
R0(p1�p2)

2

⌘2
+ 1

URyjV

) 1
⇣
R0mP (V1�V2)

2

⌘2
+ 1

, URy9V

r?2`2 V1 �M/ V2 �`2 i?2 UMQM@`2H�iBpBbiB+V p2HQ+BiB2b Q7 P �M/ P - `2bT2+iBp2HvX
6BM�HHv- r2 `2�+? i?2 bTBM@BM/2T2M/2Mi /BK2MbBQMH2bb 7mM+iBQM bmBi�#H2 7Q` Qm` Tm`TQb2-

eF (|V1 � V2|) :=
1

⇣
R0mP (V1�V2)

2

⌘2
+ 1

. URy8V

h?Bb Bb i?2 7Q`K 7�+iQ` b?QrM BM 1[X UR8V 7Q` i?2 K�i`Bt 2H2K2Mib Q7 i?2 K2bQM /2+�vb UrBi?
mV ⇡ 2mP V BM i?2 `2bi bvbi2KX

LQr r2 2biBK�i2 � ivTB+�H p�Hm2 Q7 i?2 T�`�K2i2` R0 BM 1[X UN3VX h?2 [m�`FQMBmK
TQi2MiB�H +�M #2 �TT`QtBK�i2/ #v � bmK Q7 i?2 +QM}MBM; HBM2�` TQi2MiB�H �M/ i?2 Z*.
*QmHQK# TQi2MiB�H

V (r) =
r

a2s
� ↵s

r
, URyeV

r?2`2 as Bb FMQrM �b as = 1.95:2o�1 (9y) �M/ ↵s Bb i?2 Z*. }M2 bi`m+im`2 +QMbi�MiX 6Q` i?2
/QK�BM r?2`2 r . rc := as

p
↵s ' 1.5:2o�1-jy i?2 r�p2 7mM+iBQM +�M #2 �TT`QtBK�i2/ #v

i?2 *QmHQK# 7Q`K UN3VX PM2 +�M 2biBK�i2 r #v 2[m�iBM; i?2 TQi2MiB�H �M/ FBM2iB+ 2M2`;B2b-
V (r) ⇠ KQ- r?2`2 KQ ⇠ mV � 2mQ = O(10)J2oX aBM+2 KQ Bb Km+? bK�HH2` i?�M i?2
ivTB+�H 2M2`;v b+�H2 a�1

s = 0.5:2o Q7 i?2 TQi2MiB�H- i?2 ivTB+�H QQ /Bbi�M+2 +�M #2 2biBK�i2/
#v 2[m�iBM; irQ i2`Kb BM i?2 `B;?i@?�M/ bB/2 Q7 1[X URyeV, r ⇠ rcX h?2 mb2 Q7 *QmHQK# r�p2
7mM+iBQM UN3V Bb K�`;BM�HHv DmbiB}2/- r?B+? bm{+2b 7Q` Qm` +m``2Mi +QMbB/2`�iBQMX a22 2X;X
_27X (9k) 7Q` 7m`i?2` `2}M2K2MiX

6BM�HHv- � ivTB+�H p�Hm2 Q7 i?2 T�`�K2i2` BM 1[X UN3V Bb

R0 ⇠ rc ' 1.5:2o�1 = 0.0015J2o�1 =
1

660J2o . URydV
jy>2`2- r2 ?�p2 Tmi ↵s ' 0.6 �i i?2 b+�H2 0.5:2o (9R)X

j8

In this order, 
the form factor depends on 
final-state configurations 

→ NOT factored out in RV. 

Fourier 
transform & 
normalising

Non-rel 
Approx.

(c.f., a similar introduction for Φ→2K)
[Fischbach, Overhauser, Woodahl, hep-ph/0112170]

Sec. 2 6/6

a finite form



(c.f., a similar discussion for Φ→2K)
[Fischbach, Overhauser, Woodahl, hep-ph/0112170]

Form of Gaussian wave-packet S-matrix
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form factor for the vector quarkonium
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[approximate form of 
(s-wave) ground state under 

a Coulomb potential 
(beyond “r=0” approximation)]
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Fourier 
transform & 
normalising

Non-rel 
Approx.

In this order, 
the form factor depends on 
final-state configurations 

→ NOT factored out in RV. 
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(the Ratio in terms of transition probability)

Non-relativistic approximations work fine.
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Form of Gaussian wave-packet S-matrix
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Form of Gaussian wave-packet S-matrix
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�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV
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K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,
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normalisation factors 
of free Gaussians

overlaps of the wave packets 
(including approximated 

Energy-Momentum conservation)

(skippable) 

details



Form of Gaussian wave-packet S-matrix
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p�Hm2b Q7 r�p2 T�+F2ibV
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<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

● Geometrical variables characterise S.
<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

They are functions of 
Xi, Pi, σi (i=0,1,2)

(skippable) 

details



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
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T := �t
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XA := ⌅A(0)
�
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K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
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Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
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R :=
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Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
i2`T�`i BM i?2 `B;?iX

�7i2` i?2 b[m�`2 +QKTH2iBQM Q7 t �M/ i?2 �M�HviB+ :�mbbB�M BMi2;`�iBQM Qp2` x BM UR9V- �b
K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,
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<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

● Geometrical variables characterise S.
<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

The limit (σs→∞ and σt→∞) ⇒ 

Recovery of the energy-momentum 
conservation

<latexit sha1_base64="bcjPdBXBSak3khVlQxPOeKi1dvM="></latexit>0

@
r

�

2⇡
e�

�
2 (p�p0)

2

�!|{z}
�!1

�(p� p0)

1

A

Note:

(skippable) 

details



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
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�V 2
. URdV

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, UR3V

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
A
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URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2
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� T2

�t
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• √σs: spatial size of wave 
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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• R: “Overlap exponent”. 
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• T: “Overlap time” around which wave packets 
overlap.

: time of overlap (around which three wave packets overlap).

(skippable) 

details

• p
�t is a typical temporal size of the interaction region:15

�t :=
�s

�V 2
. (17)

• T is the time of intersection of the three wave packets:

T := �t
V ·X� V ·X

�s
, (18)

where

XA := ⌅A(0)
�
= XA � VAX

0

A

�
(19)

is the location of the center of each wave packet at our reference time t = 0. As
mentioned above, each wave packet takes the Gaussian form centered at XA at its
reference time X0

A.

• R is called the overlap exponent, which provides the exponential suppression when wave
packets are separated from each other:

R :=
�X2

�s
� T2

�t
. (20)

• We write the deviation of energy-momentum from the conserved values (for their central
values of wave packets)

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , (21)

where !A := EA � V · PA is the “shifted energy” of each packet.

A schematic figure is shown in the left panel of Fig. 1, compared with the plane-wave coun-
terpart in the right.

After the square completion of t and the analytic Gaussian integration over x in (14), as
made in [11], we represent the S-matrix as follows:
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Form of Gaussian wave-packet S-matrix
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“window function”
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 
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: time of overlap (around which three wave packets overlap).
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+1 7Q` <z > 0 Q` (<z = 0 �M/ =z > 0),

�1 7Q` <z < 0 Q` (<z = 0 �M/ =z < 0),

0 7Q` z = 0.
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<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

The off-shell-ness (decaying nature) 
of the initial state is taken into 

account (Weisskopf-Wigner Approx.).

(skippable) 

details

rescaling factor for decaying-Φ wavefunction



Form of Gaussian wave-packet S-matrix
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Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,
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Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. UkyV
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p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
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K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,
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“window function”

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X
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Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
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#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

: time of overlap (around which three wave packets overlap).

Overlap region
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Overlap region

<latexit sha1_base64="PzCuZp30KrD5uM7mOzfboB108IQ="></latexit>p
�t

<latexit sha1_base64="xJhCTyTZxUIfhZf7PHkXwQHSDCE="></latexit>⌧0

<latexit sha1_base64="M6kGed1df3EMiKYXsiJ+82KhysM="></latexit>

⌧0 ⌧
p
�t

<latexit sha1_base64="hfz4vWoB/mvlqg7yXi0LstCyBn8="></latexit>

|T� Tin| �
p
�t

In stateIn state

“Bulk-like” “Decay within wave-packet overlap”

<latexit sha1_base64="MhawRdgmFZdWa/gZHZBabHL8DKw=">AAACCHicdVBLSgNBEO2Jvxh/UZduGoPgxjCTxN8u6EKXEcwHkjHUdDpJk+6ZsbtHCMNcwAu41Ru4E7fewgt4DjsfIRF9UPB4r4qqel7ImdK2/WmlFhaXllfSq5m19Y3Nrez2Tk0FkSS0SgIeyIYHinLm06pmmtNGKCkIj9O6N7gc+fUHKhUL/Fs9DKkroOezLiOgjeS2rkAIaNfu4iMnaWdzdt4eA8+Q46JdPC9gZ6rk0BSVdvar1QlIJKivCQelmo4dajcGqRnhNMm0IkVDIAPo0aahPgiq3Hh8dIIPjNLB3UCa8jUeq7MTMQilhsIznQJ0X/32RuJfXjPS3TM3Zn4YaeqTyaJuxLEO8CgB3GGSEs2HhgCRzNyKSR8kEG1ymtviSRhQnWRMMD/f4/9JrZB3TvKlm1KufDGNKI320D46RA46RWV0jSqoigi6R0/oGb1Yj9ar9Wa9T1pT1nRmF83B+vgGpkyaKw==</latexit>
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T
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<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>
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<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>
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<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(in) boundary”

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(out) boundary”

suppres
sed

~0

(skippable) 

details

(by taking Tout → ∞)


